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We develop two ab initio quantum approaches to thin-film x-ray cavity quantum electrodynamics
with spectrally narrow x-ray resonances, such as those provided by Mo¨ssbauer nuclei. The first
method is based on a few-mode description of the cavity, and promotes and extends existing phe-
nomenological few-mode models to an ab initio theory. The second approach uses analytically-known
Green’s functions to model the system. The two approaches not only enable one to ab initio derive
the effective few-level scheme representing the cavity and the nuclei in the low-excitation regime, but
also provide a direct avenue for studies at higher excitation, involving non-linear or quantum phe-
nomena. The ab initio character of our approaches further enables direct optimizations of the cavity
structure and thus of the photonic environment of the nuclei, to tailor the effective quantum optical
level scheme towards particular applications. To illustrate the power of the ab initio approaches,
we extend the established quantum optical modeling to resonant cavity layers of arbitrary thick-
ness, which is essential to achieve quantitative agreement for cavities used in recent experiments.
Further, we consider multi-layer cavities featuring electromagnetically induced transparency, derive
their quantum optical few-level systems ab initio, and identify the origin of discrepancies in the
modeling found previously using phenomenological approaches as arising from cavity field gradients
across the resonant layers.
I. INTRODUCTION
In recent years, quantum optics with x-rays has be-
come an active field of research [1–6], driven by the
progress in high photon intensities and beam quality at
modern light sources [6–9]. As one promising platform,
Mo¨ssbauer nuclei have received considerable attention.
These nuclei feature transitions with exceptionally nar-
row linewidths, which form the basis for their broad range
of applications [10, 11]. From the viewpoint of quantum
optics, the narrow resonances translate into favorably
long lifetimes of the excitations, and thus into excellent
coherence properties [3]. On the downside, the narrow
linewidth renders an efficient state preparation, driving
and readout of the nuclei challenging. Therefore, so far
all experiments have been restricted to the low-excitation
regime [12]. Nevertheless, a rich variety of quantum op-
tical coherence effects have already been observed, both
in nuclear forward scattering [13–20] and thin-film cavity
setups [21–27]. More possibilities have been theoretically
suggested [28–38]. With the first successful experiment
at an x-ray free electron laser [39], including photon num-
ber resolved detection [40–42], this platform provides an
exciting candidate for non-linear or correlated quantum
effects with extreme transitions.
While progress has largely been enabled by the “source
driven revolution” [9] in the x-ray regime, it is likely that
it will not be sufficient for the establishment of more gen-
eral x-ray quantum optical methods including non-linear
and correlated quantum phenomena. Instead, the devel-
opment of novel control techniques, target optimizations
as well as novel physical platforms will be paramount [12].
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In particular, suitable photonic environments for the nu-
clei enable one to engineer enhanced couplings between
x-rays and nuclei, to implement more versatile nuclear
level schemes, and to simulate otherwise unavailable co-
herent control fields.
In this context, thin-film cavities with resonant nuclei
embedded in the guiding layers are particularly promis-
ing [3, 11]. Such cavities (see Fig. 1 for an example)
have already facilitated the experimental observation of
a multitude of quantum optical phenomena, including the
collective Lamb shift [21], an electromagnetically-induced
transparency (EIT) mechanism without an externally ap-
plied control field [22], and spontaneously generated nu-
clear coherences [23]. Certain schemes have been found to
provide access to new nuclear and x-ray observables, such
as interferometric phase detection via Fano resonances
[24]. While the coupling between x-rays and single nu-
clei is weak compared to the rate of cavity leakage, the
observation of collective strong coupling [26] and Rabi
oscillations between nuclear ensembles [27] have recently
been reported, and the experimental realization of slow
light [25] further hints at the possibility of quantum sys-
tems with strong non-linearities [43] even at low light
levels [44]. A key factor contributing to the success of
the x-ray cavities is the fact that in the low-excitation
regime, the total system of cavity and nuclear ensembles
can equivalently be reinterpreted as an effective nuclear
few-level scheme, with properties going beyond what is
available in the bare nuclei [22, 45–47]. We note that
while thin-film cavities have become particularly popu-
lar in the nuclear resonance scattering community, they
also facilitate x-ray quantum optics with electronic reso-
nances [48].
Together, these advances establish the field of nuclear
cavity quantum electrodynamics (QED) with hard x-
rays, opening various avenues to connect to the impres-
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FIG. 1. (Color online) Sketch of a typical setting in thin-film
x-ray cavity QED. A side-on view of a thin-film layer cav-
ity, typically consisting of cladding layers (red) and a guid-
ing layer (green) doped with thin resonant layers (gray), is
shown. In the example in the figure, the resonant layers con-
tain atoms or nuclei (black) featuring ultra-narrow transitions
in the hard x-ray range, such as those provided by Mo¨ssbauer
nuclei (see zoom, for the example of 57Fe, ~ω ≈ 14.4 keV
and γ ≈ 4.7 neV). The system is probed spectroscopically
at grazing incidence (wave vector k with parallel component
k‖, perpendicular component k⊥ and incidence angle θ) by
x-radiation. Typical observables include off-resonant cavity
reflection spectra as a function of incidence angle and reso-
nant nuclear spectra (sketched plots).
sive quantum optical toolkit in the optical and microwave
regime that is available throughout various platforms of
resonator [49–55] and waveguide [56, 57] QED.
On the theoretical side, the nuclear resonant scatter-
ing community has largely employed semi-classical or
mean-field methods based on perturbative scattering the-
ory for the various transitions [58–62], including variants
of linear dispersion theory [63, 64] known as the layer
[11, 65, 66] or Parratt’s [67] formalism, Shvyd’ko’s time
and space picture [68] as well as Maxwell-Bloch equa-
tion treatments [29, 68]. These approaches enable one to
accurately model the related experiments, which so far
essentially operate in the weak-excitation regime. How-
ever, they are not well suited to interpret the resulting
spectra in terms of quantum optical phenomena. Moti-
vated thereby, a recently developed quantum model for
the nuclei-cavity dynamics based on the input-output for-
malism [45, 46] has crucially provided the possibility to
interpret the observed features quantum optically. By
expressing the dynamical scattering process in terms of
effective quantum optical few-level schemes, this theo-
retical approach has enabled the identification of various
phenomena in the linear regime [23–25, 27, 46]. Beyond
that, it may be able to serve as a predictive theory for
non-linear and quantum phenomena at higher intensities
[12].
Despite the practical success of the phenomenologi-
cal input-output model for thin-film x-ray cavities with
Mo¨ssbauer nuclei [45, 46], there are various open ques-
tions connected to its applicability. In the multi-mode
and multi-ensemble case [46], which is for example cru-
cial to describe the EIT phenomenon observed in [22],
two heuristic extensions of the model, including a dis-
persion phase and an envelope factor, are required to fit
the cavity spectra. While the resulting model is able
to reproduce the main EIT phenomenon, quantitative
and qualitative deviations are found when the spectra
are scanned against incidence angle [46]. In the linear
regime, where the spectral observables can be modeled
rigorously and with excellent empirical agreement by es-
tablished semi-classical and scattering theory methods
[11, 61, 65, 66, 69], these issues mainly limit the in-
terpretation in terms of quantum optical phenomena.
Beyond semi-classics and at higher excitation, however,
these observations cast doubts on to what extent such
phenomenological quantum models can be used as a pre-
dictive tool at larger driving field intensities, where no
experimental results are available at the moment.
Here, we develop two ab initio quantum approaches to
thin-film x-ray cavity QED. Throughout the analysis, we
focus on cavities containing Mo¨ssbauer nuclei, but the
general results equally well apply to cavities with elec-
tronic resonances. Our results not only resolve the pre-
vious discrepancies between the quantum optical model
and the semi-classical descriptions, but also establish new
theoretical tools that can be applied in the fully quantum
sector and at higher intensities. The ab initio character
of our approaches further enables direct optimizations of
the cavity structure and thus of the photonic environ-
ment of the nuclei, by providing a predictive theory in
which the involved approximations are well under con-
trol. As one application, the theory opens an avenue to-
wards the design of effective quantum optical level struc-
tures including the control fields realized by the cavity.
Our first approach constitutes an ab initio version of
the phenomenological few-mode model [45, 46], based on
our recent general framework for few-mode approaches to
quantum scattering problems [71]. It removes the need
for heuristic extensions and to fit the quantum optical
parameters. Instead, the ab initio approach directly de-
termines the parameters from the cavity geometry, and
improves the prediction of scattering spectra to essen-
tially perfect agreement. We further provide insight into
the approximations involved in the model, providing a
solid foundation for its application in the linear sector
and opening the path for applications beyond this regime.
At the same time, this progress promotes the quantum
optical approach of constructing few-level models for x-
ray cavity QED systems to an essentially exact and the-
oretically well-founded method.
Our second approach is based on a well-known Green’s
function technique [72–75], which in our case allows to
derive a Markovian master equation for the nuclei cou-
pling via the cavity environment directly from the cavity
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FIG. 2. (Color online) Overview of theoretical approaches to thin-film x-ray cavity QED with Mo¨ssbauer nuclei, including
the standard semi-classical layer formalism [11], which is based on a variant of linear dispersion theory [63, 64, 67], and a
successful phenomenological few-mode model [45, 46], which is based on the quantum input-output formalism of cavity QED
[70]. In this paper, we present two additional ab initio quantum approaches to the problem, including an application of the
ab initio few-mode theory [71] and of established Green’s function techniques [72–75] to the layer geometry and the nuclear
quantum optics setting. Besides completing the connections between the theories illustrated in this diagram and showing which
approximations are involved in each case, the main results presented in this paper are indicated by the labeled magenta arrows.
(a) We establish the connection of the successful phenomenological model to ab initio theory. In the process, we propose an
improved ab initio version of the model (Sec. II B). (b) Based on this ab initio model, we derive general scattering solutions
and effective level schemes for multi-mode multi-ensemble systems in closed form (Sec. II C). (c) We show how the Green’s
function technique can be used as a numerically efficient method for calculating effective nuclear level schemes (Sec. III D).
(d) We demonstrate the connection of the Green’s function approach to the layer formalism when calculating linear scattering
observables and show how to reconstruct scattering observables once the nuclear level scheme dynamics are solved (Sec. III B
and III F).
geometry. This method provides an alternative to the ab
initio few-mode approach, involving different approxima-
tions. Most importantly, the Green’s function formalism
provides a numerically efficient way to calculate effective
nuclear level schemes, which is crucial for optimizations.
We note that after the submission of this work, another
approach using Green’s functions for nuclear quantum
optics in x-ray cavities was brought to our attention [76].
Next to these general results, the examples we use to
verify the two ab initio methods and to showcase their ca-
pabilities are chosen in such a way that they at the same
time substantially advance the understanding of nuclear
cavity QED, mainly in three respects. First, we demon-
strate that the ab initio methods are capable of model-
ing the cavity-nuclei system not only in the vicinity of
a chosen resonance, but across the entire range of prob-
ing photon frequencies and incidence angles. This opens
perspectives for new applications beyond the current fo-
cus on individual cavity resonances. Second, we general-
ize the presently established quantum optical approaches
to the practically relevant case of arbitrarily thick reso-
nant layers. This is mandatory to achieve quantitative
agreement for standard cavities used in recent experi-
ments. Interestingly, we find that in the thick-layer limit
the system is no longer equivalent to an effective nuclear
few-level scheme, but rather to a set of self-coupled con-
tinuum ensembles. Third, we resolve previously not un-
derstood discrepancies in the quantum optical modelling
of multi-layer cavities featuring EIT spectra, and show
that they originate from spatial field gradients across the
resonant layers.
Finally, we provide a clarifying guide and overview of
the existing and here presented theoretical approaches
to thin-film x-ray cavity QED in Fig. 2. This diagram
further illustrates the complementary nature of our two
ab initio approaches. The first few-mode theory rigor-
ously justifies and extends the phenomenological models
and completes connections between existing approaches,
while the second approach based on Green’s functions
provides a computationally highly efficient new avenue
to the nuclear scattering problem. Both approaches are
applicable at weak coupling, but offer different advan-
tages in more extreme regimes, as we discuss in detail.
The paper is structured as follows. Sec. II introduces
4and discusses the few-mode ab initio approach. As a
starting point and for later reference, we summarize the
main features of the phenomenological quantum optical
model as presented in [45, 46] in Sec. II A. In Sec. II B,
we develop the corresponding ab initio theory. The ap-
proach is based on our recently developed method [71]
connecting the input-output formalism to quantum po-
tential scattering theory. In Sec. II C, we provide a gen-
eral solution for linear scattering observables of the re-
sulting ab initio model. Section II D disentangles the
effects of the empty cavity and the contributions of the
nuclei to the observables, which is exemplified in Sec. II E
for well-studied cavities featuring Fano resonances. The
effective nuclear level scheme represented by the cavity is
derived in Sec. II F by eliminating the cavity degrees of
freedom. In Sec. II G, we verify and illustrate the method
for an analytically solvable example geometry, providing
analytical formulas for all observables, and explicitly ex-
plain the computational algorithm for better accessibility
to our method. As an application, we generalize thin-film
x-ray cavity QED to cavities containing thick resonant
layers in Sec. II H.
The following Sec. III develops and discusses the
Green’s function approach as a second ab initio method.
After introducing the relevant concepts of Green’s func-
tions and macroscopic QED in Sec. III A, we use the lin-
ear dispersion theory to derive an effective wave equation
in Sec. III B that demonstrates the relation of this quan-
tum theory to the established semi-classical approaches
[11, 65]. Section III C derives the nuclear Master equation
using the Green’s-function method. As a main result and
advantage of this method, we show how to derive effective
nuclear level schemes in Sec. III D, providing a numeri-
cally efficient method. Sections III E-III G discuss the
general solution in the linear sector and further analyze
the numerical efficiency. To increase the accessibility to
our method, Sec. III H provides a practical guide to cal-
culations using the Green’s function approach. Finally,
in Sec. III I, we apply the Green’s-function approach to
multi-layer cavity structures in the EIT configuration, as
studied in [22, 46], and identify field gradients across the
layers of finite thickness as the origin of previously not
understood inaccuracies of the phenomenological quan-
tum optical models [46]. We further provide the first ab
initio calculation of the effective nuclear level scheme in
the cavity environment. Our method removes the need
for an ambiguous fitting procedure and opens design op-
portunities for more complex cavity geometries.
Finally, Sec. IV discusses and summarizes our results.
Details on derivations and parts of the calculations, as
well as an in-depth practical comparison of the phe-
nomenological and ab initio few-mode model are provided
in the Appendices.
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FIG. 3. (Color online) Schematic illustration of the phe-
nomenological quantum optical model for cavity QED with
Mo¨ssbauer nuclei, indicating the relevant processes and their
coupling parameters. As an example, two of the system modes
(magenta lines, aˆλ for mode λ ∈ {1, 2}) coupled to the input-
drive bˆin and output field bˆout (cyan wiggly lines) are shown.
The coupling constants in the model include the system-bath
coupling (
√
2κR,λ), the cavity mode decay constants (κλ)
and the mode-nucleus coupling (gλln for nucleus n in ensem-
ble/layer l). See also Table I for the functional dependencies
of each model parameter. The input-output scattering matrix
Sio describes the scattering process between bath modes via
the cavity interacting with the nuclei, and is assumed to pro-
vide the full scattering information for x-rays being reflected
of the system. For certain cavities, heuristic extensions of the
model are necessary to provide more accurate descriptions of
the cavity and nuclear response (see text).
II. AB INITIO FEW-MODE APPROACH TO
X-RAY CAVITY QED
A. Recap of the phenomenological model
In this section, we briefly summarize the essential fea-
tures of the phenomenological quantum optical model
for thin-film cavities, which are doped with layers of
Mo¨ssbauer nuclei and probed spectroscopically in graz-
ing incidence by hard x-radiation [11, 23], as illustrated
in Fig. 1. Such setups have been studied in a multitude
of experiments, featuring a variety of different cavities
(see [21–27, 48] for the most recent quantum optics ex-
periments). For simplicity, we restrict ourselves to the
unpolarized and unmagnetized case, which already fea-
tures the essential ingredients. With polarization and
magnetization included, one only obtains additional cou-
pled equations [45, 46].
The phenomenological model is given by the following
equation for the density operator ρ characterizing the
cavity and the nuclei [46],
ρ˙ = −i[H, ρ] + Lcav[ρ] + LSE[ρ] . (1)
The Hamiltonian contribution,
H = Hcav +Hnuc +Hint +Hdrive , (2)
5bˆ
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FIG. 4. (Color online) Schematic illustration of the ab initio
few-mode model for cavity QED with Mo¨ssbauer nuclei. In
comparison to the phenomenological model depicted in Fig. 3,
the modes feature additional Lamb shifts (blue arrows at κ11,
κ22) and cross-mode couplings (κ12). Instead of a single drive,
the bath is now an angle-dependent continuum with system-
bath coupling constantWλm (corresponding to √2κR,λ in the
phenomenological model). The input-output matrix Sio still
contains the bath mode scattering information, however, to
obtain the plane wave scattering matrix S, one has to employ
an additional background scattering contribution (see text).
Again, Table I lists the functional dependencies of each model
parameter.
consists of a cavity part Hcav, a nuclear part Hnuc, their
interaction Hint and an external driving term Hdrive. The
two Lindblad terms describe the incoherent cavity decay
and the spontaneous emission of the nuclei. The model
is illustrated in Fig. 3. We work in natural units with
~ = c = 1.
The dynamics of the empty cavity in the interaction
picture are given by [46]
Hcav =
∑
λ∈modes
∆C,λ(θ, ω)aˆ
†
λaˆλ , (3a)
Hdrive =
∑
λ∈modes
i
√
2κR,λbˆinaˆ
†
λ + h.c. , (3b)
∆C,λ(θ, ω) = ωC,λ(θ, ω)− ω
=
√
ω2 cos2(θ) + ω2nuc sin
2(θλ)− ω , (3c)
where aˆλ is the bosonic cavity mode operator with in-
dex λ, bˆin is an operator characterizing the driving field
and
√
2κR,λ is the drive coupling to mode λ. ∆C is the
cavity mode detuning relative to the external field with
frequency ω. It depends on the incidence angle θ and is
parametrized in terms of the resonance angles θλ of the
modes at the nuclear resonance frequency ωnuc, which is
used as a reference. The detuning dependence on the
external driving frequency can usually be neglected [23]
since the nuclear line width is typically orders of mag-
nitude smaller than the cavity resonance width (see also
Sec. II D, where this property is illustrated).
Interactions with nuclei in the cavity are included via
the Hamiltonian contributions [46]
Hnuc =
∑
l∈ensembles
n∈1,2...Nl
ωnuc,l
2
σˆzln , (4a)
Hint =
∑
λ∈modes
l∈ensembles
n∈1,2...Nl
gλlnaˆλσˆ
+
ln + h.c. , (4b)
where σˆz = |e〉〈e| − |g〉〈g|, σˆ+ = |e〉〈g|, σˆ− = |g〉〈e| are
the Pauli operators of a single nucleus, and |e〉 (|g〉) is
the corresponding excited (ground) state. Further, ωnuc,l
is the nuclear transition frequency of ensemble l. The in-
dices are chosen such that l corresponds to the different
resonant layers or ensembles and n runs over all the Nl
nuclei within one such layer. gλln is the coupling con-
stant of a nucleus to the cavity mode. The coupling is
assumed to have the form gλln = gλle
iφn [46], including
a position dependent phase φn due to propagation along
the waveguide. We note that since the prefactor is in-
dependent of the nucleus index n within one layer l, the
above form includes the thin-layer approximation. That
is it is assumed that the mode profile does not vary signif-
icantly across a layer that is considered as one ensemble,
such that describing thick resonant layers requires the in-
clusion of multiple sub-ensembles dividing the thick layer
into thinner ones (see Secs. II H, III I for an illustration
and further details).
In addition to these Hamiltonian terms, the model fea-
tures the incoherent contributions [46]
Lcav[ρ] =
∑
λ∈modes
κλ(2aˆλρaˆ
†
λ − {aˆ†λaˆλ, ρ}) , (5a)
LSE[ρ] =
∑
l∈ensembles
n∈1,2...Nl
γ
2
(2σˆ−lnρσˆ
+
ln − {σˆ+lnσˆ−ln, ρ}) , (5b)
where Lcav[ρ] describes the cavity decay and LSE[ρ] the
single nucleus incoherent decay. Here, ρ is the density
matrix of the system and {·, ·} is the anti-commutator.
We note that these terms describe inelastic processes
only, while the elastic scattering is fully included via the
interaction with the cavity modes.
In order to calculate output operators from the driving
input and the cavity dynamics, the input-output relation
[46]
bˆout = −bˆin +
∑
λ∈modes
√
2κR,λaˆλ , (6)
is invoked. Spectroscopic observables can then be calcu-
lated from the output operators, such as the reflection
coefficient given by [46]
r =
〈bˆout〉
〈bˆin〉
= −1 +
∑
λ
√
2κR,λ
〈aˆλ〉
〈bˆin〉
. (7)
6Within the adiabatic approximation [45, 46], the mode
operator dynamics are given by [46]
aˆλ =
√
2κR,λbˆin − i
∑
ln gλlnσˆ
−
ln
κλ + i∆C,λ
. (8)
The nuclear dynamics can then be obtained from a nuclei-
only Master equation obtained by adiabatically eliminat-
ing the cavity modes in Eq. (1).
The phenomenological few-mode model summarized so
far has been employed for the analysis of various exper-
iments in x-ray cavity QED [23–25, 27, 48], providing a
basis for the quantum mechanical interpretation of the
system.
However, for certain cavities, it was found that heuris-
tic extensions to the model are necessary. These include
a dispersion as well as an envelope factor resulting in the
modified reflection coefficient [46]
r =
〈bˆout〉
〈bˆin〉
= renv(θ)
[
−rdisp +
∑
λ
√
2κR,λ
〈aˆλ〉
〈bˆin〉
]
, (9)
where rdisp = |rdisp|eiφC is the dispersion factor that is
introduced to account for a dispersion phase φC as well as
for far off-resonant modes and renv is the envelope factor
that is introduced to account for total reflection behavior
at grazing incidence.
While with these heuristic extensions included, good
agreement with the layer formalism and experiment is
found in many cases (see e.g. [23–25, 27, 45, 48]), there
are still quantitative and even qualitative differences for
important setups, such as the EIT cavity [46] that is in-
vestigated experimentally in [22]. In addition, the heuris-
tic extensions are neither justified nor derived from the
quantum mechanical input-output theory [70, 77], re-
stricting the predictive power of the model. In our anal-
ysis below, we will remove these restrictions, clarify the
relations between different theoretical approaches, and
prove an accurate complete description of the system
without the need for heuristic extensions (see Fig. 2 for
an overview).
We note that our paper does not invalidate the phe-
nomenological model, which is intrinsically consistent
and which we show to be a good description in many
cases. The main improvements of the ab initio theory
developed in the following are the extension to the cases
of overlapping modes and highly leaky cavities, the un-
ambiguous computation of the quantum couplings in the
effective level scheme and the justification of approxi-
mations required to obtain the description setting the
ground for a predictive theory beyond the linear regime.
B. Ab initio few-mode theory for thin-film x-ray
cavities
In this section, we present an ab initio version of
the phenomenological model for thin-film x-ray cavities,
Pheno model Ab initio model
Mode resonance ∆C,λ(ω, θ) ∆˜C,λ(ω, θ)
Cavity loss κλ κλλ′(ω, θ)
Bath/drive coupling i
√
2κR/T,λ Wλm(ω, θ)
Mode-nucleus coupling gλl gλl(θ)
Background scattering - Sbg(ω, θ)
Heuristic extensions rdisp, renv(θ) -
TABLE I. Overview of the differences between the phe-
nomenological model for thin-film x-ray cavities [45, 46] and
its ab initio counterpart developed in this paper. The quan-
tum optical parameters (left) and their functional dependen-
cies in each case (middle and right) are shown.
based on our recently developed general formalism for
few-mode theories [71]. The ab initio few-mode theory
for the given problem can be written in close analogy to
the phenomenological version summarized in Sec. II A.
The main differences are the functional dependencies of
the coupling constants and the treatment of the input-
output relation as illustrated in Figs. 3, 4 and Table I.
Here, we outline these differences and define the struc-
ture of the ab initio theory. A detailed derivation is given
in Appendix A, together with a functional summary of
the concept of the ab initio few-mode theory. For read-
ers who are interested in how to apply the method in
practice, we refer to Sec. II G, where an explicit exam-
ple system including analytic formulas for the required
coupling constants is presented.
The Hamiltonian governing the dynamics is analogous
to the phenomenological version in Eq. (2),
H = Hcav +Hnuc +Hint +Hdrive +Hfield . (10)
The empty-cavity dynamics are governed by
Hcav =
∑
λ∈modes
ωλ(θ)aˆ
†
λaˆλ , (11a)
Hdrive =
∑
m∈channels
λ∈modes
∫
dωWλm(ω, θ)bˆm(ω)aˆ†λ
+ h.c. , (11b)
Hfield =
∑
m∈channels
∫
dωω˜(ω, θ)bˆ†m(ω)bˆm(ω) , (11c)
which generalizes Eqs. (3). The cavity mode detuning to
a selected bath mode is then given by
∆˜C,λ(ω, θ) = ωλ(θ)− ω˜(ω, θ) , (12)
which replaces ∆C,λ(ω, θ) in Eq. (3c) from the phe-
nomenological approach. We note that in the ab ini-
tio formulation, no explicit driving term is specified on
the level of the Hamiltonian. Rather, the coupling to all
7bath modes bˆm(ω) is included, with their free evolution
term Hfield. The external driving field is then specified
through expectation values or correlation functions of the
input operators corresponding to the bath modes within
the input-output formalism (see Eq. (17) below). For
this reason, we also do not work in an interaction pic-
ture here, but with the bare frequencies such as ω˜(ω, θ),
which is an effective bath mode frequency at a given inci-
dence angle or parallel wave vector (see Appendix A for
details). For notational brevity, we omit the parametric
angular dependence of the mode operators.
We note that the angular and frequency dependence
of the effective mode detuning ∆˜C,λ(ω, θ) may differ
from the one assumed in the phenomenological model
by ∆C,λ(ω, θ) in Eq. (3c) (refer to Sec. II G and Fig. 6
for an example). Similarly, Wλm(ω, θ) extends the in-
coupling rate
√
2κR/T,λ, where m is an index for the
external channels, such as reflection and transmission de-
noted by R/T in the phenomenological model [23].
Interactions with the nuclei are included via the con-
tributions
Hnuc =
∑
l∈ensembles
n∈1,2...Nl
ωnuc,l
2
σˆzln , (13a)
Hint =
∑
λ∈modes
l∈ensembles
n∈1,2...Nl
gλl(θ) aˆλ σˆ
+
ln + h.c. . (13b)
which are essentially identical to their phenomenological
counterparts Eqs. (4), only now the mode-nucleus cou-
pling is dependent on the incidence angle.
The incoherent nuclear decay corresponding to Eq. (5)
is still given by
LSE[ρ] =
∑
l∈ensembles
n∈1,2...Nl
γ
2
(2σˆ−lnρσˆ
+
ln − {σˆ+lnσˆ−ln, ρ}) . (14)
As in the phenomenological model, elastic scattering is
included via the interaction with the cavity modes.
The density operator fulfills a generalization of the
Master equation Eq. (1), such that also the radiative bath
degrees of freedom are now included, and the Hamilto-
nian and Lindbladian are modified to comprise Eqs. (11-
14). The decay constant in the spontaneous emission
term is the natural linewidth γ, as in the phenomenolog-
ical case Eq. (5b) (see Appendix A 5 for details on the
decay constant).
The cavity decay term in the phenomenological model
Lcav[ρ], however, has no direct counterpart in the ab
initio few-mode theory, since the frequency dependence
of the cavity-bath couplings induces non-Markovian dy-
namics of the cavity modes [78–80]. In particular for
cavities with overlapping modes [71], which are realized
in standard x-ray cavities as we will show in Sec. II G,
this effect is not negligible and no Markovian Lindblad
term for the cavity modes can be obtained. We note,
however, that when tracing out the full cavity as a struc-
tured bath for the nuclei, the Markov approximation is
applicable for many cavities due to the narrow line width
of the nuclear response, which is the basis for the Green’s
function approach presented in Sec. III.
In the ab initio few-mode approach, instead of a Lind-
blad term for the cavity decay, one can write a frequency
domain equation for the cavity mode operators [71]
aˆλ(ω) =
∑
λ′
D−1λλ′(ω, θ)
[
2pi
∑
m
Wλ′m(ω, θ)bˆ(in)m (ω)
+
∑
ln
g
∗
λlσˆ
−
ln(ω)
]
, (15)
Dλλ′(ω, θ) = −∆˜C,λ(ω, θ)δλλ′ + iκλλ′(ω, θ) , (16)
which is a direct generalization of Eq. (8) in the phe-
nomenological approach going beyond the adiabatic and
Markov approximations, with the effective mode detun-
ing ∆˜C,λ(ω, θ) defined in Eq. (12).
In comparison to the phenomenological model version
in Eq. (8), the cavity loss rate is now replaced by a fre-
quency and incidence-angle dependent cavity loss ma-
trix κλλ′(ω, θ), corresponding to −iΓ′λλ′(ω, θ) in [71]. It
has a matrix structure, as it includes cross-mode cou-
pling terms, going beyond the single-mode cavity decay
rates κλ in the phenomenological model as illustrated in
Figs. 3, 4.
In order to calculate observables, the exact input-
output theory from [71] allows one to obtain the
frequency-domain input-output relation for the input
[output] bath operators bˆ
(in)
m (ω) [bˆ
(out)
m (ω)] at a given in-
cidence angle,
bˆ(out)m (ω) = bˆ
(in)
m (ω)− i
∑
λ
W∗λm(ω, θ)aˆλ(ω) , (17)
generalizing Eq. (6) in the phenomenological model.
In addition to the parametric dependencies of the
input-output coupling, solving the input-output relation
Eq. (17) does not yield the full scattering information, as
shown in [71]. Instead, an additional background scat-
tering contribution Sbg(ω, θ) is necessary to translate the
bath-mode scattering into plane-wave scattering (refer to
Sec. II G and Fig. 7 for an example). This additional con-
tribution is absent in the phenomenological model, but
crucial to reproduce the response not only in the vicinity
of the studied resonance, but also away from it. Most
notably, it accounts for the fact that the empty-cavity
response is treated exactly within the ab initio few-mode
approach [71] independent of the number of included cav-
ity modes.
In summary, we see that the differences between the ab
initio and the phenomenological version of the model are
a modified frequency and angular dependence of the cou-
pling constants, as well as the cavity decay rate becom-
ing a matrix introducing cross-mode decay terms. We
also note that the parameters may in general be complex
quantities and a background scattering matrix should be
included for accuracy over a large frequency range. The
differences between the models are summarized in Table I
and illustrated in Figs. 3, 4.
8C. General solution in the linear regime
In this section, we provide a general solution to the
multi-mode multi-ensemble ab initio few-mode theory for
x-ray cavities with Mo¨ssbauer nuclei, which is outlined in
the previous section, in the linear regime. By writing the
equations in Heisenberg-Langevin form, we find a closed-
form solution for the linear scattering observables of sys-
tems containing an arbitrary number of modes and lay-
ers or ensembles. By employing the exact input-output
formalism [71], multi-mode coupling, overlapping modes,
non-Markovian, open system and scattering effects are
included in the solution method.
For simplicity, we again consider a single polarization
and unmagnetized samples. The method, however, can
straightforwardly be applied to the full Hamiltonian of
x-ray cavities with thin film Mo¨ssbauer nuclei, including
polarization and magnetization [45].
1. Heisenberg-Langevin equations of motion
The Heisenberg-Langevin equations of motion for the
nuclear operators defined by the ab initio model in
Sec. II B read [46, 70, 81]
d
dt
σˆ−ln(t) = −(iωnuc,l +
γ
2
)σˆ−ln(t)
+ iσˆzln(t)
∑
λ
aˆλ(t)glλ, (18a)
d
dt
σˆzln(t) = −2iσˆ+ln(t)
∑
λ
aˆλ(t)glλ + h.c.
− γ(σˆzln + 1) . (18b)
We note that in this form, the equations are particularly
simple, in the sense that the individual ensembles only
interact with each other via the cavity modes. The many-
particle aspect apparent from the nuclear index n can be
treated by introducing collective operators [23, 46] or by
working with single particle operators and employing the
permutation symmetry of the model [81, 82]. The latter
can be employed since our Liouvillian is invariant under
the relabeling (l, n) → (l, n′) for nuclei within each en-
semble l, which is the case due to the coupling and decay
constants being independent of n within the single par-
allel wave vector approximation. We adopt the permuta-
tion symmetry in the following, which then allows us to
drop the index n on expectation values of single nucleus
operators in Eq. (18) and to reduce the corresponding
sums over nuclei within one ensemble.
The resulting equation for the cavity mode expectation
values is given by Eq. (15) and now simplifies to [71]
〈aˆλ(ω)〉 =
∑
λ′
D−1λλ′(ω)
[
2pi
∑
m
Wλ′m(ω)〈bˆ(in)m (ω)〉
+
∑
l
Nlg
∗
lλ′〈σˆ−l (ω)〉
]
, (19)
where we have dropped the parametric angle dependen-
cies for brevity. We note that the number of nuclei Nl in
ensemble l appears explicitly in the equations due to the
use of the permutation symmetry [81].
The dynamical equations (19) are completed by the
input-output relation Eq. (17).
2. Solution of the multi-layer multi-mode equations in the
linear regime
In [46], the linear equations of motion are solved for
the phenomenological model within the adiabatic elimi-
nation approximation for the special case of a two-layer
EIT configuration, which is notably investigated exper-
imentally in [22]. Here, we solve the above ab initio
equations in the linear regime without the need for adia-
batic elimination, a Markov approximation or a specific
mode-ensemble configuration. The adiabatic approxima-
tion will, however, be employed a posteriori to gain in-
sight into the final solution and the resulting nuclear line
shape.
The crucial approximation to obtain linear spec-
tral observables is the weak excitation approximation,
which can conveniently be performed in the Heisenberg-
Langevin approach by setting 〈σˆzl 〉 ≈ −1 [83] for all en-
sembles l (see Sec. III B for further details). This results
in the nuclear lowering operator equation of motion be-
coming linear and independent of the other nuclear op-
erators. Physically, this way of solving the equations of
motion corresponds to eliminating the nuclei instead of
the modes, which can be done without further approx-
imations in the linear regime (see also Sec. III B). An
alternative way of performing this approximation is the
Holstein-Primakoff method [84, 85]. We note that due to
this approximation, it is not necessary to trace out the
bath modes or the radiative bath of the nuclei. Instead,
the linear operator equations of motion can be solved
directly.
Within this low-excitation approximation, one obtains
three linearly coupled matrix equations in the frequency
domain, one for the nuclear lowering operators, one for
the cavity modes and one given by the input-output re-
lation. These equations can be solved straightforwardly
by linear algebra. For the nuclear lowering operators we
obtain(
ω − ωnuc,l + iγ
2
)
〈σˆ−l (ω)〉 =
∑
λ
glλ〈aˆλ(ω)〉 . (20)
Substituting Eq. (20) into Eq. (15), we find
〈aˆλ(ω)〉 = 2pi
∑
λ′
D−1λλ′(ω)
∑
m
Wλ′m(ω)〈bˆ(in)m (ω)〉 , (21)
Dλλ′(ω)→ D(int)λλ′ (ω) = Dλλ′(ω)−
∑
l
Nlg
∗
lλglλ′
ω − ωnuc,l + iγ2
.
(22)
9Thus, the nuclear ensembles effectively modify the cavity
propagator matrix D. Finally, inserting Eq. (21) into the
input-output relation Eq. (17), we obtain the scattering
solution
〈bˆ(out)m (ω)〉 − 〈bˆ(in)m (ω)〉 = −2pii
×
∑
λ,λ′,m′
W∗λm(ω)[D(int)]−1λλ′(ω)Wλ′m′(ω)〈bˆ(in)m′ (ω)〉.
(23)
The scattering matrix, defined in matrix notation by [71]
〈bˆ(out)(ω)〉 = S
io
(ω)〈bˆ(in)(ω)〉, (24)
thus reads
S
io
(ω) = I− 2piiW†(ω)D−1
(int)
(ω)W(ω) . (25)
As noted before, the input-output scattering is comple-
mented by a background scattering contribution S
bg
(ω)
[71], which translates the bath-mode scattering into plane
wave scattering via
S(ω) = S
bg
(ω)S
io
(ω) . (26)
Since the background scattering is independent of the nu-
clear ensembles, it can be computed for the empty cavity
and multiplied with the input-output solution without
additional effort when solving the interacting system [71].
These results provide a general solution for linear scat-
tering observables in the ab initio version of the phe-
nomenological few-mode model for thin-film x-ray cavi-
ties with Mo¨ssbauer nuclei.
D. Separating the contributions of cavity and
nuclei
While the above Eq. (25) together with the background
scattering contribution constitutes a complete solution
of the problem, it does not allow to straightforwardly
separate the individual contributions of the cavity and
the nuclei to the scattering process. To establish this
separation, we note that the relevant frequency scale of
the nuclei (e.g., ∼neV, quality factor of Q ∼ 1012 for
57Fe, see also Fig. 1) is typically orders of magnitude
smaller than that of the cavity (∼keV).
In order to isolate the nuclear contribution, we approx-
imate the frequency response of the cavity as constant on
the scale of the nuclear response. If ωnuc is any one of
the nuclear transition frequencies, we can then write
Wλm(ω) ≈ Wλm(ωnuc)
≡ Wλm , (27)
Dλλ′(ω) ≈ (ωnuc − ωλ)δλλ′ + iκλλ′(ωnuc)
≡ Dλλ′ . (28)
That is in Eq. (25), the only relevant frequency depen-
dence on the nuclear scale is the ω in the nuclear ad-
dition to D(int) in Eq. (22). This approximation essen-
tially amounts to performing the adiabatic approxima-
tion [45, 46] a posteriori on a spectral level and can
also be considered as a type of Markov approximation
[70, 79, 86], since it relies on the cavity’s frequency re-
sponse being flat on the scale of the nuclear response. We
refer to Sec. II G and Fig. 9 for an explicit demonstration
of the validity of this form of the approximation. In the
experiments so far [21–25, 27], the approximation was
found to be possible due to the narrow nuclear response.
We note, however, that when strong coupling effects are
present [27] or for broader electronic resonances [48], the
approximation may break down and it may not be pos-
sible to separate the cavity and the nuclear response.
We can now separate the nuclear contribution by em-
ploying the Woodbury matrix identity [87, 88] to write
the inverse of the modified cavity propagator as
D−1
(int)
(ω) = (D + g†Λ(ω)g)−1
= D−1 −D−1g†(Λ−1(ω) + gD−1g†)−1gD−1 , (29)
where the first summand is the (inverse) empty cavity
propagator D−1, such that the second term amounts to
the nuclear contributions. The matrices appearing in
Eq. (29) are defined by their components as
(g)lλ = g˜λl =
√
Nlgλl , (30a)
(g†)λl = g˜∗λl =
√
Nlg
∗
λl , (30b)
(Λ(ω))ll′ = Λ(ω)ll′ = − 1
ω − ωnuc,l + iγ2
δll′ , (30c)
(Λ−1(ω))ll′ = Λ−1(ω)ll′ = −(ω − ωnuc,l + iγ
2
)δll′ ,
(30d)
where g˜λl are the rescaled coupling constants of the col-
lective states [46] (see also Appendix A 7 a). Inserting
Eq. (29) into Eq. (25), the scattering matrix then reads
S
io
(ω) =S[no nuclei]
io
(ωnuc) + 2piiW†D−1g†
· (Λ−1(ω) + g D−1g†)−1gD−1W . (31)
This formula shows the desired separation into the
empty-cavity background
S[no nuclei]
io
(ωnuc) = I− 2piiW†(ω)D−1(ω)W(ω) (32)
and the additional nuclear contribution. The interpre-
tation of the various contributions will become clearer in
the following section discussing pertinent example cavi-
ties.
E. Example: Fano cavities
In this section, we illustrate Eq. (31) using standard
cavity structures that are known to feature simple, yet
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relevant, nuclear line shapes in their frequency-dependent
response. The basic element contributing to the response
can be understood using the single-cavity-mode approx-
imation, in which the inverse D−1 appearing in Eq. (31)
can be identified via Eq. (28) as a Lorentzian. In the gen-
eral multi-mode case, since gD−1 g† is a matrix coupling
the different transitions, the nuclear contribution there-
fore is a superposition of coupled Lorentzian resonances
interfering with themselves and the flat cavity back-
ground. As a result, the nuclear line shape can be rather
complex for the general multi-mode multi-ensemble case.
It is, however, well known that for certain cavity struc-
tures, the response reduces to a single Lorentzian inter-
fering with the cavity background [24, 89], giving rise to
Fano line shapes [24, 90–92]. In the following, we use
such cases to illustrate Eq. (31).
1. Single nuclear ensemble
For a single nuclear ensemble, the index l has only
one value, such that Λ reduces to a scalar. Similarly,
g and, for single channel scattering, W reduce to vec-
tors with elements corresponding to the different cav-
ity modes λ. As a result, for the reflection channel,
W†D−1g† and gD−1W become complex numbers inde-
pendent of ω, thus characterizing the magnitude of the
nuclear contribution as well as its relative phase to the
empty-cavity contribution. For the spectral shape, we
are therefore left with analyzing
(Λ−1(ω) + gD−1g†)−1
=
−1
ω − (ωnuc,l + ∆LS) + i(γ + ΓS)/2 , (33)
where we have defined
∆LS − i
2
ΓS =
∑
λ,λ′
N gλ D−1λλ′ g∗λ′ . (34)
This is the Lorentzian line shape of a single nucleus, mod-
ified by the collective Lamb shift ∆LS and the superra-
diance ΓS for the ensemble in the cavity. Due to the
interference with the cavity background, this Lorentzian
in general becomes a Fano line shape.
Indeed, the above form of the nuclear line shape closely
corresponds to what is obtained in the multi-mode phe-
nomenological model (see in particular Eq. (46) in [46]).
The main difference here is the form of the D-matrix,
which is diagonal in the phenomenological case [46] and
now includes the cross-mode coupling terms in the ab
initio generalization (see Table I). In the special case of
isolated cavity resonances [71], the D-matrix may well be
approximated as diagonal, such that the phenomenolog-
ical assumption can be well justified.
We thus recover the corresponding predictions of the
phenomenological model [24, 46], at the same time es-
tablishing an improved ab initio representation of the
complex level shift ∆LS − iΓS/2.
2. Single cavity mode, uniform nuclear ensembles
Another special case where the nuclear contribution
is of single Lorentzian form arises when there is only a
single mode and, in addition, the ωnuc,l of all nuclear
ensembles are equal [24, 89]. In this case, the index λ
is absent, D reduces to a scalar, and W and g become
column vectors with elements Wm corresponding to the
external channels and gl to the layers. As a result, we
obtain from Eq. (25)
S
io
(ω) = I+ 2piiW∗WT
(
D −
∑
lNlg
∗
l gl
ω − ωnuc + iγ2
)−1
.
(35)
Applying the scalar version of the Woodbury formula
leads to
S
io
(ω) =S[no nuclei]
io
(ωnuc) (36)
− 2pii W
∗WTA
ω − ωnuc + iγ/2−D−1A ,
where A =
∑
l g˜
∗
l g˜l =
∑
lNlg
∗
l gl. Again, the result in-
deed corresponds to a Fano line shape, recovering the
phenomenological result [46] with A corresponding to G2
(Eq. (48) in [46]). We note again, that the result is fully
expressible in terms of the rescaled couplings g˜l (see also
Appendix A 7 a).
F. Effective few-level scheme
realized by the nuclei in the cavity
As shown in [45, 46], one can associate an effective
nuclear level scheme to the nuclear cavity QED system,
such that the spectroscopic response of the two agree in
the low-excitation limit. This way, the spectra of the
nuclear cavity QED system can be interpreted in terms
of quantum optical phenomena. For instance, a spectral
dip in certain two-ensemble x-ray cavities could be inter-
preted as an EIT phenomenon [22, 46]. In [45, 46], the
effective level scheme is derived using an adiabatic elim-
ination of the cavity modes, giving rise to equations for
the nuclear system alone with effective couplings between
the ensembles. The parameters of this level scheme are
then obtained using fits of the model to numerical calcu-
lations of the QED system’s response or to experimental
data.
In this section, we derive an effective few-level scheme
from the ab initio few-mode model given above and gen-
eralize it to arbitrary ensemble configurations. While the
adiabatic elimination employed here is not necessary to
solve the linear scattering problem, it is necessary in or-
der to obtain the effective level scheme. Due to the ab
initio character of the theory, this approach further al-
lows us to express the quantum optical level parameters
and couplings directly in terms of the cavity geometry.
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Alleviating the need for parameter fitting not only re-
moves possible ambiguities due to overfitting or degen-
eracies, but also amplifies the interpretational power in
terms of the relevant cavity modes and nuclear ensembles
responsible for the observed effects.
As a first step, we write Eq. (18) in terms of collective
operators [89] Jˆ
+/−/z
l =
∑
n σˆ
+/−/z
ln , which gives
d
dt
Jˆ−l (t) = −(iωnuc +
γ
2
)Jˆ−l (t) + iJˆ
z
l (t)g
T
l
aˆ(t), (37a)
d
dt
Jˆzl (t) = −2iJˆ+l (t)gTl aˆ(t) + h.c.− γ(Jˆzl (t) +Nl) .
(37b)
As a next step, we adiabatically eliminate the cavity
modes by substituting Eq. (15) into Eq. (37) and employ-
ing the adiabatic approximation [45, 46] on the spectral
level Eqs. (27, 28). The adiabatic solution for the mode
operator Eq. (15) can then be transformed into the time
domain to give
aˆ(t) = D−1[2piW bˆ(in)(t) +∑
l
g∗
l
Jˆ−l (t)
]
. (38)
Substitution yields
d
dt
Jˆ−l (t) =− (iωnuc,l +
γ
2
)Jˆ−l (t) + iJˆ
z
l (t)Ω
T
l bˆ
(in)
(t)
+ iJˆzl (t)
∑
l′
Gll′ Jˆ
−
l′ (t), (39a)
d
dt
Jˆzl (t) =− 2iJˆ+l (t)ΩTl bˆ
(in)
(t) + h.c.
− 2iJˆ+l (t)
∑
l′
Gll′ Jˆ
−
l′ (t) + h.c.
− γ(Jˆzl (t) +Nl) , (39b)
where the effective drive coupling matrix is given by
ΩTl = Ω
T
l (ωnuc) = 2pig
T
l
D−1(ωnuc)W(ωnuc) , (40)
and the effective level coupling matrix is
Gll′ = Gll′(ωnuc) = g
T
l
D−1(ωnuc)g∗l′ . (41)
These equations can be reformulated in terms of an ef-
fective Hamiltonian
Hˆeff =
∑
l
ωnuc,l
2
Jˆzl +
∑
ll′
Jˆ+l Re[Gll′ ]Jˆ
−
l′
+
∑
l
Jˆ+l Ω
T
l bˆ
(in)
(t) + h.c. , (42)
and the effective Lindblad operator
Leff[ρ] =
∑
ll′
−Im[Gll′ ](2Jˆ−l ρJˆ+l′ − {Jˆ+l Jˆ−l′ , ρ})
+ LSE[ρ] , (43)
|G〉
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FIG. 5. (Color online) Schematic illustration of effective level
schemes equivalent to the total system of cavity and nuclei
in the linear low-excitation regime. The structure of the level
scheme is defined via the couplings given in Eqs. (42) and (43),
with ∆ll′ = Re[Gll′ ] and γll′ = −2Im[Gll]. Single nucleus
decay terms are not depicted for clarity (see text).
where LSE[ρ] is the local spontaneous emission term de-
fined in Eq. (A23). This effective level scheme again
closely corresponds to the results in the phenomenolog-
ical model (in particular Eqs. (23-25) in [46]), with the
aforementioned differences in the ab initio coupling pa-
rameters summarized in Sec. II B.
Eqs. (42) and (43) can be interpreted as a system of in-
teracting collective spins. Together, they define an effec-
tive level scheme in their low-excitation subspace. Start-
ing from the ground state |G〉 defined as the state without
photons in the cavity and with all nuclei in their ground
state, the excited states of this level scheme are collective
excitonic states of the many-body QED system, which
can be defined as
|El〉 = Jˆ+l |G〉 . (44)
The couplings within this effective level scheme are illus-
trated in Fig. 5. For example, for a single ensemble l the
collective Lamb shift and the Purcell enhanced superra-
diance are given by ∆LS = Re[Gll] and γS = −2Im[Gll],
respectively. With more than one ensemble, the coher-
ent inter-ensemble couplings are given by ∆ll′ = Re[Gll′ ]
and incoherent cross-ensemble decay terms with decay
rate γll′ = −2Im[Gll′ ] are also present. The latter can
be shown to yield spontaneously generated coherences in
certain cases [23]. The various transitions are driven from
an external channel m with the effective Rabi frequency
Ωlm.
The spontaneous-emission contribution in Eq. (43) re-
quires additional care, because it a priori operates on the
single-particle level, rather than on the level of the collec-
tive transition operators. But in the low-excitation or the
linear regime, it simply adds to the collective decay rate
[46], such that the system can fully be expressed in terms
of collective operators as shown in Eqs. (39). However,
Eqs. (42), (43) are also valid beyond the linear regime,
where methods based on permutation symmetry [81, 82]
can be employed to tackle the spontaneous emission term
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to extend the collective operator treatment in [12]. We
note, however, that the non-linear dynamics may break
the permutation symmetry by coupling to other parallel
wave vector modes.
The effective many-body couplings contain the bare
coupling constants glλ instead of the rescaled coupling
constants g˜lλ =
√
Nl glλ, because the underlying equa-
tions contain collective operators defined as sums over
single-particle operators. In the linear limit, the for-
mer can be replaced by effective single-particle operators,
which leads to the appearance of the rescaled coupling
constants [12, 46] (see also Sec. III D). In this sense, the
linear limit is independent of the number of coherently
interacting nuclei, see also Appendix A 6, as is also the
case in the semi-classical layer formalism [11], where only
the nuclear number density appears as a material param-
eter. However, beyond the linear excitation regime, the
number of coherently interacting nuclei is crucial, since
it determines the onset of non-linear effects [12].
We further note that by including the magnetic sub-
structure of the nuclei, more versatile level schemes be-
come accessible [23].
G. Analytically solvable example system
In this section, we illustrate the ab initio few-mode
approach to nuclear many-body cavity QED using a spe-
cific example. We choose the simplest possible layer cav-
ity geometry which features a resonance structure that
resembles what is practically investigated in x-ray cav-
ity QED [21–25, 27], and also has found applications in
various contexts, see e.g. [93–97]. It furthermore has the
advantage that it can be analytically solved within our
framework.
We present detailed comparisons to the semi-classical
theory and to the phenomenological few-mode theory. In
the process, we demonstrate the advantages and the po-
tential of the method, showing differences to previous
interpretations and completing the theoretical picture of
the few-mode approach. As an application, we gener-
alize the quantum optical model to cavities containing
thick resonant layers.
1. Cavity layout
The cavity structure considered in the following is de-
picted in Fig. 6. We choose the resonant nucleus 57Fe as
the archetype Mo¨ssbauer nucleus and practically most
used species for nuclear x-ray cavity QED experiments,
and consider a single unmagnetized thin resonant layer
inside the cavity, where collective Lamb shifts [21] and
Fano line shapes [23] can be observed. As the off-resonant
dielectric material for the guiding layer, we choose the
corresponding isomer 56Fe, which does not feature the
nuclear resonance. Choosing two isomers has the ad-
vantage that the electronic contribution of the resonant
−20 −10 0 10 20 30
Depth [nm]
0
2
4
F
ie
ld
in
te
n
si
ty
(a)
(b)
Field
56Fe
57Fe
mirror
1 2 3 4 5 6 7 8 9 10
θ [mrad]
0
1
R
efl
ec
ta
n
ce
θ0
layer formalism/aifmt
pheno (w/ heuristics)
pheno (w/o heuristics)
FIG. 6. (Color online) Analytically solvable example within
the ab initio few-mode theory for x-ray cavities. (a) The
structure of the cavity under consideration (materials see leg-
end) and its off-resonant field distribution (red line) at the
incidence angle θ0 corresponding to the first guided mode.
The cavity itself (gray 56Fe and blue 57Fe) has a total thick-
ness of 28.5 nm, where the thickness of the resonant 57Fe
dopant layer at the center is 0.5 nm (blue). (b) Rocking curve
(off-resonant cavity reflectance at 14.4 keV in θ − 2θ geom-
etry). The position θ0 of the first guided mode is indicated
by the black dashed line at approximately 4 mrad. The panel
compares R[no nuclei] for the ab initio formalism, which equiv-
alently can be obtained using the layer formalism [11] (solid
blue), e.g., implemented in the software package pynuss [98],
to fits using the phenomenological model. A five-mode model
with heuristic extensions (dashed yellow) is necessary for good
agreement in the spectral range up to 8 mrad, reproducing the
reflectance over the range of four modes. Without heuristic
extensions (solid green), the fit is poor already in the first
mode and beyond 6 mrad, properly describing only the sec-
ond and third modes. To fit a larger spectral range, the phe-
nomenological model requires inclusion of more modes. This
is a major drawback to the ab initio few-mode theory, where
the off-resonant reflectance is always represented exactly for
any mode number [71].
layers is equal to the surrounding cavity material. Con-
sequently, when the resonant layers are placed at varying
positions, the electronic scattering properties of the cav-
ity remain the same. This feature allows us to separate
resonant effects, such as which modes the nuclear tran-
sitions couple to and which effective level scheme is real-
ized, from cavity structure effects, such as which modal
environment is realized in the cavity. For the substrate,
we choose an idealized material with a high refractive
index, which essentially mimics a perfect mirror. This
choice is motivated by the fact that a single layer of di-
electric alone usually features weak resonances. A re-
flecting mirror substrate is the simplest way to realize a
better resonance structure.
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2. Analytic solution
In order to employ the ab initio few-mode theory, one
first has to choose a few-mode basis. While the optimal
basis may be difficult to find, one can use a constructive
approach by choosing a basis that becomes locally com-
plete in the region of the interaction if infinitely many
discrete modes are considered [71]. Note that different
choices for the basis vary in the number of modes re-
quired to achieve convergence of the results.
Here, we choose Dirichlet modes, that is modes with
hard wall boundary conditions at the top and bottom
surface of the layer cavity, giving the transverse mode
functions [71, 88, 99]
χ˜λ(z) =
√
2
L
sin
(
piλ
z
L
)
. (45)
where L is the cavity thickness. The few-mode basis is
then constructed as a finite subset of these modes by
choosing the relevant set of λ indices. By observing the
convergence of the spectral observables, we select the sig-
nificantly contributing modes.
The corresponding one-dimensional problem for this
set of few-mode bases has been solved in [71, 88], giving
the system-bath couplings and few-mode propagator
Wλ(ω, θ) = piβ
L
e−iβ
1
α cot(α)− s− iβ
λ(−1)λ√
ωλ
, (46a)
W†λ(ω, θ) =
piβ
L
e+iβ
1
α cot(α)− s+ iβ
λ(−1)λ√
ωλ
, (46b)
Dλλ′(ω, θ) = β
2/L2 − ω2λ
2ωλ
δλλ′
+
pi2
L2
1
α cot(α)− s− iβ
λ(−1)λ√
ωλ
λ′(−1)λ′√
ωλ′
, (46c)
D−1λλ′(ω, θ) =
2ωλ
β2/L2 − ω2λ
δλλ′ − pi
2
L2
1
α cot(α)− iβ
× 2λ(−1)
λ√ωλ
β2/L2 − ω2λ
2λ′(−1)λ′√ωλ′
β2/L2 − ω2λ′
, (46d)
where L is the thickness of the cavity layer, ω2λ/2 =
(pi2λ2)/(2L2) + V˜ defines the system mode frequency,
V˜ (ω) = (1− n2)ω2/2 is the energy dependent potential,
n is the complex refractive index of the guiding layer ma-
terial (56Fe), β = ωL = kL is the scaled dimensionless
momentum variable [88], k is the wave number in units
of m−1, α = (β2 − 2V˜ L2)1/2, s = ∑λ∈ΛQ(2λ2pi2)/(α2 −
λ2pi2), and λ is the system-mode index, which is summed
over the chosen few-mode subset ΛQ of the locally com-
plete Dirichlet basis. Here, we have written the hermitian
conjugate of the system-bath couplingW explicitly, in or-
der to demonstrate which quantities should be excluded
from the complex conjugation operation (see Sec. A 6
for details). For example, α contains an imaginary part
via the complex refractive index, but should not be con-
jugated within the non-hermitian Hamiltonian prescrip-
tion.
Due to the perfect mirror substrate, the system reduces
to a single-channel problem with reflection only, such that
that the system-bath couplingsWλ(ω) do not depend on
a channel index m. The background scattering matrix
then reduces to a scalar given by [88]
Sbg(ω, θ) =e
−2iβ α cot(α) + iβ
α cot(α)− iβ
× α cot(α)− s− iβ
α cot(α)− s+ iβ . (47)
At a given incidence angle or parallel wave vector, this
one-dimensional solution can be applied to our three-
dimensional x-ray system using
n→ n(θ) =
√
n2 − cos2(θ)
sin(θ)
, (48a)
β → β(θ) = ωL sin(θ) (48b)
as the index of refraction and scaled momentum variable,
respectively, see Appendix A 1.
The interaction with the resonant nuclei is governed
by the coupling constant
gλl = −idωnuc,l
√
fLMρN tl
2ωλ
χ˜λ(zl) , (49)
where we have dropped the dependence on θ for brevity,
d is the nuclear dipole moment and fLM is the Lamb-
Mo¨ssbauer factor. Details on the light-matter coupling
constants are summarized in Appendix A 7.
3. A practical guide to calculations in the ab initio
few-mode approach
After having derived general results for the ab initio
few-mode approach, we now show how to apply these re-
sults for practical calculations, that we will use to obtain
the numerical results discussed in the following sections.
For simplicity, we focus on the linear regime of the ex-
ample geometry in Fig. 6(a), which is a single channel
problem, since due to the perfect mirror substrate, only
the reflection channel is open. The scattering “matri-
ces” therefore reduce to scalar quantities corresponding
to reflection coefficients as a function of incidence angle
and frequency. According to Eq. (26), the full reflection
coefficient is then given by the scalar product
r = S = SbgSio , (50)
with the reflection intensity, also known as reflectance,
given by R = |r|2.
The first step of the calculation is to choose the set of
mode indices {λ} included in the few-mode analysis. The
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most straightforward approach not requiring any insight
into the given problem is to start with the fundamental
mode only and then to add higher-order modes succes-
sively until convergence of the observables is obtained.
After having chosen the few-mode basis, the coupling
constants have to be determined. For the example ge-
ometry, analytical results are provided in Eqs. (46)-(49).
For more general geometries, the coupling constants can
be obtained by calculating matrix elements between the
few-mode, the bath and the scattering states [71], using
the separable expansion method [88].
Next, the input-output reflection coefficient rio = Sio
defined in Eq. (25) can be calculated by substituting
the parameters Eqs. (46), the nucleus-cavity coupling
constant Eq. (49), and the modified cavity propaga-
tor D−1
(int)
(ω) containing the matrices in Eqs. (30) into
Eq. (29). We note that in the formulas for the pa-
rameters, the three-dimensional geometry substitutions
Eqs. (48a) have to be used. Alternatively, the input-
output scattering matrix can be calculated in the form
of Eq. (31), where the empty-cavity response is separated
out.
Analogously, the empty cavity reflectance R[no nuclei]
evaluated using the scattering matrix S
[no nuclei]
io defined
in Eq. (32) can readily be calculated. It corresponds
to experimental situations in which the reflectance is
recorded at x-ray energies detuned away from the nuclear
resonance. For this, one may either set the nucleus-cavity
coupling Eq. (49) in Sio to zero, or directly calculate it
using Eq. (32).
Similarly to the reflectances, the effective level schemes
can be calculated. The effective couplings can be evalu-
ated from Eqs. (40, 41), again with the help of the cou-
pling constants already used for the reflectances.
4. Empty cavity
We start by analyzing the off-resonant reflectance
R[no nuclei] of the cavity, i.e., in the absence of the nuclear
resonances, which represents a property of the empty
cavity. In practice, this quantity as function of the inci-
dence angle is also known as the rocking curve and can
be measured in a cavity containing resonant nuclei by
tuning the incident x-ray beam slightly away from the
nuclear resonance, which does not have any influence on
the much larger scales of the cavity linewidths. Here,
we study the reflectance as a function of incidence an-
gle and photon energy. We compare the results of the
ab initio framework to corresponding calculations using
the phenomenological input-output theory, and further
use the semi-classical layer formalism [11] implemented
in the software package pynuss [98] as a reference. The
latter is a reimplementation of parts of the conuss soft-
ware package [66] with substantial extensions focused on
applications in nuclear quantum optics.
The lower panel of Fig. 6 shows results for the rocking
curve of the system, i.e. the incidence-angle dependent re-
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FIG. 7. (Color online) Empty-cavity reflectance as a function
of the incidence angle and the incident photon energy. (a)
shows the full reflectance, which can be calculated via Par-
ratt’s formalism or equivalently as R[no nuclei] via the ab initio
few-mode theory. Note that the rocking curve in Fig. 6 is a
section through this figure at fixed energy. The ab initio ap-
proach decomposes the total reflectance into an input-output
(|S[no nuclei]io |2) and a background reflectance (|Sbg|2), which
are shown for a single mode theory (λ = 1) in panels (c)
and (d), respectively. As expected, the input-output contri-
bution extracts the first resonance of the spectrum. The cor-
responding phenomenological single mode theory (b) does not
correctly reproduce the first resonance. This is most clearly
visible from the position of the resonance in the phenomeno-
logical model, which is shown as a red line in (a) and only
coincides at the energy 14.4 keV where the parameters of the
model were fitted (white cross).
flectance observed with incidence angle equal to the exit
angle (θ − 2θ geometry). We find excellent agreement
between the ab initio and the semi-classical approaches.
Note that the different cavity mode resonances contribut-
ing to the rocking curve overlap strongly. Nevertheless, it
is important to note that the ab initio few-mode theory
is equivalent to the layer formalism calculation for any
set of chosen system modes, a feature which is based on
the exact result shown in [71] and which can be checked
by comparing the analytic formulas given in Sec. II G 2
to the layer formalism result for the geometry [11]. This
has the practical advantage that the few-mode approxi-
mation only affects the interaction with the nuclei, but
not the empty-cavity properties. This way, different ap-
proximations are disentangled, contributing to the under-
standing of the relevant processes. The analytical equiva-
lence implies that the product of the background scatter-
ing matrix Eq. (47) and the empty cavity input-output
result S[no nuclei]
io
(ω), given by the matrix contractions in
Eq. (25) of the system-bath couplings Eqs. (46), is iden-
tical to the Parratt calculation [11, 89]. This mathemat-
ically surprising result can indeed be checked for the ex-
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FIG. 8. (Color online) Nuclear resonance spectra R for the
cavity in Fig. 6 as a function of incidence angle and detuning.
Panel (a) shows spectra at the first cavity resonance θ = θ0
obtained from the exact layer formalism, the 5-mode ab ini-
tio few-mode theory and a 5-mode phenomenological model,
respectively. (b) shows the exact layer formalism results as
a function of incidence angle and photon energy. (c) Resid-
ual deviation of the 5-mode ab initio few-mode theory re-
sults to that of (b). (d) Corresponding results for the 5-mode
phenomenological model. The magenta dashed line in (c,d)
marks the section at θ0 shown in (a). On resonance, both the
ab initio and the phenomenological approach yield excellent
agreement, featuring deviations on the few-percent level and
below. At higher incidence angles, however, the ab initio the-
ory agrees significantly better. A more detailed comparison,
including different approaches to fitting the phenomenological
parameters, is presented in Appendix B.
ample geometry by substitution and simplification of the
resulting sums in the few-mode case, similarly to what is
shown for a Schro¨dinger equation example in [88].
For the phenomenological few-mode theory on the
other hand, no such equivalence is guaranteed. Instead,
the model parameters are fitted for a chosen mode num-
ber such that the rocking curves agree in a certain angu-
lar range. Thus, the few-mode approximation affects the
interaction with the nuclei and the empty-cavity response
at the same time. The model fits in the bottom panel of
Fig. 6 show that for a five-mode model with heuristic
extensions [dashed yellow] (see Sec. II A for details), the
agreement is good in the range of the four lowest reso-
nance dips. Without heuristic extensions [solid green],
however, the fit is poor already in the vicinity of the first
cavity mode.
These results demonstrate a key advantage of the ab
initio few-mode model, that the off-resonant cavity scat-
tering and hence the rocking curve is treated exactly. The
model further does not require heuristic extensions and
therefore gives a clear picture of the quantum mechanical
interpretation of the cavity resonances.
In order to investigate the origin of the difference be-
tween the phenomenological and the ab initio theory fur-
ther, Fig. 7 shows a two-dimensional generalization of the
rocking curve, where the incidence angle and energy are
varied. We note that these spectra are calculated at a
fixed off-resonant material refractive index for simplicity.
These two-dimensional empty cavity spectra give theo-
retical insight into the resonance structure of the cav-
ity, which forms the electromagnetic environment for the
nuclei. The layer formalism [11] and the ab initio few-
mode theory are again numerically equivalent, only in
the latter, the scattering matrix (panel (a), given by |S|2
from Eq. (26)) is decomposed into a mode-number depen-
dent input-output (given by |S[no nuclei]io |2 from Eq. (32))
and a background scattering part (given by |Sbg|2 from
Eq. (47)). For the single mode results (λ = 1) shown in
the figure [panels (c,d)], we find that the input-output
result captures the first resonance line across the whole
two-dimensional space, including the total reflection cut-
off at low incidence angles. The phenomenological single
mode theory in (b), however, does not capture the reso-
nance trajectory, except at 14.4 keV, where the model pa-
rameters are fitted to the one-dimensional rocking curve.
The reason for this difference is the angular and energy
dependence of the quantum optical parameters, in partic-
ular ∆C(θ, ω), which differs between the ab initio and the
phenomenological model (see Sec. II B). The phenomeno-
logical resonance trajectory can also be expressed analyt-
ically by solving ∆C,λ(θ, ω) = 0 using the assumed form
of the phenomenological cavity detuning Eq. (3c) giving
ωres,pheno(θ) = ωnuc
sin(θ0)
sin(θ)
. (51)
The comparison of this phenomenological resonance tra-
jectory (shown as a red line in Fig. 7) to the actual spec-
tral minimum of the first resonance reveals the difference
between the two descriptions.
5. Nuclear spectra and interacting systems
In Fig. 8, we turn to the interacting scattering problem.
We consider the nuclear resonance spectrum of the cavity
as a function of detuning and incidence angle (panel b),
which is accessible experimentally [21–24, 46]. Note that
here, the scale of the detuning axis is on the order of
neV (γ57Fe ≈ 4.7 neV), in contrast to the keV scale of
the driving radiation, which determines the empty cavity
properties investigated in Sec. II G 4.
The figure compares the nuclear spectra for the phe-
nomenological and ab initio few-mode approaches to the
semi-classical layer formalism [11], which serves as a well-
understood reference in the linear scattering regime. In
the phenomenological case, we use a five mode model to
fit the nuclear spectra. For comparability, the ab initio
few-mode result is also calculated using five cavity modes
of the Dirichlet basis (λ ∈ {1, 2, 3, 4, 5}). The ab initio
spectra R are obtained as described in Sec. II G 3.
16
In the fitting procedure for the phenomenological
model parameters, we first fit the empty cavity parame-
ters to the rocking curve, yielding the yellow dashed line
in Fig. 6 as the best fit. This includes the heuristic dis-
persion phase, which is necessary to obtain a good result
already in the empty cavity case (see Fig. 6). Due to the
absence of a cladding, an envelope factor (see Sec. II A)
is not necessary for this cavity. The mode-ensemble in-
teraction parameters are then determined by fitting the
nuclear spectrum, using the two-dimensional layer for-
malism result in Fig. 8(b) as the fit objective, without
prioritizing a certain angular region. We note that other
fitting procedures are possible, providing optimized rep-
resentations for different spectral features. In Appendix
B, three options, some of which were already suggested
in [46], are investigated and compared. The above pro-
cedure is found to provide the best description of the
spectrum across the whole angular range up to 8.5 mrad.
In contrast, for the ab initio method, no fit is required,
and a single model is adequate for the entire spectrum.
Fig. 8(c) and (d) show the residual deviations of the ab
initio few-mode result and the phenomenological result
obtained using above fitting procedure, both calculated
for five cavity modes. The residual deviation is defined
as |R(θ,∆)−Rreference(θ,∆)| with the layer formalism re-
sult as the reference. We find that while both approaches
provide good fits across the whole range, at higher inci-
dence angles the ab initio theory progressively performs
better than the phenomenological approach. The excel-
lent agreement of both theories at resonance with the
first cavity mode is illustrated by Fig. 8(a), where the
one-dimensional slice at θ = θ0 is shown.
We conclude that both approaches are well suited to
model the given cavity, with the ab initio approach yield-
ing a better global description. In comparison to the
phenomenological model, it provides the main advantage
that due to the absence of a fitting procedure, the quan-
tum optical interpretation is unambiguous. In addition,
the model captures the off-resonant properties exactly for
any mode number and can be systematically brought to
convergence by including larger mode numbers. These
features are important in particular when going to more
complex cavity structures and nuclear level schemes.
Furthermore, increasing the number of modes pro-
vides a systematic way of improving the ab initio re-
sults. For 30 or more modes, the relative deviation is
below 2% in the entire Fig. 8(c) and on this level is dom-
inated by residual effects of the 0.5 nm layer thickness
(see also Sec. II H). This systematic improvement is not
guaranteed in the phenomenological model (see also Ap-
pendix B).
We note that these results do not invalidate the phe-
nomenological approach, which may still provide numer-
ical advantages for fitting unknown cavity structures, for
example in the experiment, where the matrix elements
required for the ab initio few-mode theory may be dif-
ficult to calculate (see, however, the Green’s function
approach in Sec. III for a numerically efficient alterna-
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FIG. 9. (Color online) Quantum optical parameters in the ab
initio few-mode theory for the example cavity with a single
resonant thin-layer ensemble defined in Fig. 6. The results
are calculated using the well-converged 20-mode theory and
shown as a function of photon frequency and incidence angle.
The left panels show the collective Lamb shift ∆LS and super-
radiance ΓS. The right panels show the real and imaginary
parts of FR as defined in the main text. All parameters vary
significantly both along the angular and frequency axis with
non-trivial functional dependence. However, in the neV-µeV
range around the nuclear resonant energy (magenta dashed
line), which is relevant for the nuclear line shape, the varia-
tions of the parameters in frequency are negligible.
tive). Instead, the applicability of the phenomenologi-
cal approach is clarified and an upgraded version can be
employed when necessary. This progress in the under-
standing of the approach bears potential in particular for
calculations beyond the linear regime [12], where the the-
oretical models are required to be predictive and hence
well understood.
The investigation here is supplemented by a detailed
comparison of the phenomenological and ab initio few-
mode approaches in Appendix B, where we also consider
different fitting routines and the convergence at higher
mode numbers.
6. Coupling constants and frequency dependence
In Fig. 9, we investigate the parametric dependencies
of the coupling constants in the ab initio few-mode the-
ory. In particular, we consider the nuclear complex level
shift [88] given by F = ∆LS − iΓS/2 = gD−1g† and the
quantity FR = −2piiW†D−1g†gD−1W, which quantifies
the nuclear resonance peak height in analogy to 2κR for
the cavity resonances [45]. Together, these two quantities
contain the information to calculate the nuclear spectrum
in Fig. 8 according to Eq. (31). Since we consider a sin-
gle nuclear ensemble in a cavity with only the reflection
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channel being open, both of these quantities are scalars
and can be obtained using the substitution of the ana-
lytical formulas described in Sec. II G 3.
Results are shown in Fig. 9 as a function of photon
frequency and incidence angle over the range of the cav-
ity spectrum in Fig. 7. We note that all parameters
vary significantly in the frequency and angular direction,
featuring non-trivial functional dependencies that give
rise to the practical differences to the phenomenological
model (see Sec. II G 5). However, while there are signifi-
cant variations in the energy direction on the keV scale,
the parameters are essentially constant in the neV-µeV
range around the nuclear resonant energy. This confirms
that the adiabatic approximation performed in Sec. II D
is valid for such cavities. The non-trivial angular de-
pendence nevertheless persists. We note that since the
cavity parameters are usually obtained by fitting to the
rocking curve [46], they are particularly susceptible to
the differences in the phenomenological description.
H. Generalization to thick layers of resonant nuclei
In this section, we develop the quantum optical de-
scription for x-ray cavities with thick resonant layers.
The case of thick resonant layers is practically relevant as
it has been studied extensively in nuclear forward scat-
tering experiments [18, 100–102] and has been used in
grazing incidence, for example, for novel spectroscopy
techniques [96] or the study of magnetism in thin films,
see, e.g. [94, 97]. Placed inside cavities, thick resonant
layers are particularly interesting from the theoretical
perspective, since they are difficult to describe using a
phenomenological approach. The reason is that in the
latter, the mode functions are not known, such that one
would have to fit a continuum of light-nucleus coupling
parameters to describe the spatial variation throughout
the thick layer.
Within the ab initio few-mode theory on the other
hand, the description is rather straightforward and can
be considered as the continuum limit of the general multi-
layer solution derived in Sec. II C. We further show that
the thick layer system can be described as a self-coupled
continuum ensemble, rather than the few-level schemes
obtained in the thin-layer case.
1. Theory
With the general solution of multi-mode multi-layer
systems available, the case of thick layers can be solved
simply by partitioning the layer into finely spaced sub-
ensembles and taking the continuum limit of many such
sub-ensembles.
The main structure-dependent quantity to compute in
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FIG. 10. (Color online) Thick resonat layer effects in the nu-
clear x-ray cavity QED system. The four rows correspond to
different thicknesses of the resonant layer. From top to bot-
tom, the thickness of the resonant layer is increased (2.0 nm,
6.0 nm, 15.0, 28.4 nm) while keeping the number of nuclei
constant (with the usual enriched abundance of 0.95 at the
reference thickness 2.0 nm). The left column shows illustra-
tions of the respective cavity structures. The right column
shows corresponding nuclear spectra at the first rocking min-
ima θ0. We see that as the thickness increases, an EIT-like
dip appears in the spectra. The continuum version of the ab
initio few-mode theory result (calculated at 15 modes, yellow
dashed line) shows excellent agreement with the layer formal-
ism result (solid blue line) in all cases.
order to obtain the scattering matrix is
∆
[int]
λλ′ (ω) =
∑
l
Nlg
∗
lλglλ′
ω − ωnuc,l + iγ2
, (52)
which modifies the intra-cavity propagator according to
Eq. (22).
For a thick layer of resonant material, adjacent atomic
layers of nuclei are usually separated by a distance much
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less than the variation in the mode profile. Dividing the
thick layer into thin sub-ensembles, we can then take the
continuum limit of the sub-ensemble sum, such that
∆
[int]
λλ′ (ω) ≈
|d|2fLM
2
√
ωλωλ′
∫ zf
zi
dzρN (z)
ω2nuc(z)χ˜
∗
λ(z)χ˜λ′(z)
ω − ωnuc(z) + iγ2
,
(53)
where ωnuc(z), ρN (z) are the position dependent fre-
quency and nuclear number density, respectively. For ho-
mogeneous resonant layers the z-dependence of the cou-
plings is mainly determined by the mode profiles. zi [zf ]
is the lower [upper] edge of the thick layer.
Evaluating the integral above gives the necessary quan-
tity to compute scattering observables. Similarly, one can
compute a continuum version of the effective level scheme
given by the continuum limit of Eqs. (42, 43)
Hˆeff =
∫
dz
ωnuc(z)
2
Jˆz(z)
+
∫
dzdz′Jˆ+(z)Re[G(z, z′)]Jˆ−(z′)
+
∫
dzJˆ+(z)ΩT (z)bˆ
(in)
(t) + h.c. , (54)
and the effective Lindblad term
Leff[ρ] =−
∫
dzdz′Im[G(z, z′)](2Jˆ−(z)ρJˆ+(z′)
− {Jˆ+(z)Jˆ−(z′), ρ})
+ LSE[ρ] . (55)
This yields a physical interpretation of the thick layer as a
self-coupled continuum ensemble rather than an effective
few-level scheme as in the thin layer case.
2. Thick resonant layer in the example cavity
As a practical example we again use the cavity from
Fig. 6 and consider a variable thickness of the resonant
layer, while keeping it at the center of the cavity.
Since the resonant layer material is homogeneous, the
number density of resonant nuclei and the resonance fre-
quency of the nuclear transition do not vary with z. In
this case, denoting the thickness of the resonant layer by
tres, we can evaluate Eq. (53) to obtain
∆
[int]
λλ′ (ω) ≈
|d|2ω2nuc
2
√
ωλωλ′
fLMρN
ω − ωnuc + iγ2
×
∫ L+tres
2
L−tres
2
dzχ˜
∗
λ(z)χ˜λ′(z)
=
|d|2ω2nuc
2
√
ωλωλ′
fLMρN
ω − ωnuc + iγ2
Ξλλ′ , (56)
where the mode integral for the cavity under considera-
tion is
Ξλλ′ =
2
L
∫ L+tres
2
L−tres
2
dz sin
(
piλ
z
L
)
sin
(
piλ′
z
L
)
, (57)
which can straightforwardly be evaluated analytically.
Fig. 10 shows nuclear spectra of the example cavity at
different layer thicknesses. The results from the contin-
uum ab initio few-mode theory show excellent agreement
with the semi-classical pynuss [98] calculation, confirm-
ing the validity of our quantum model for cavities with
thick resonant layers.
Finally, to interpret the spectra, we note that the self-
coupled continuum ensemble features an EIT-like dip ef-
fect for thick layers. At layer thicknesses comparable
to the cavity thickness, additional distortions are found,
indicating the emergence of higher order spectral inter-
ferences.
III. AB INITIO GREEN’S FUNCTION
APPROACH TO X-RAY CAVITY QED
In this section, we apply a well-known Green’s func-
tion technique [72–75] to the nuclear x-ray cavity QED
system. This provides a second ab initio approach to the
problem, which involves different approximations. The
investigation completes the comparison of the three dif-
ferent ab initio approaches depicted in Fig. 2 and con-
tributes as a numerically efficient method for calculating
effective nuclear level schemes.
As a theoretical result, we show that the layer for-
malism is essentially analogous to an effective propaga-
tion equation that can be derived from the Green’s func-
tion quantization by linear dispersion theory, up to ap-
plicable but unnecessary approximations that can be re-
moved (such as the rotating wave approximation). Con-
sequently, in the linear regime, all three ab initio ap-
proaches (layer formalism, ab initio few-mode theory,
Green’s function approach, see Fig. 2) are essentially
equivalent in that they can be used as alternative meth-
ods to calculate linear scattering spectra. However, each
of these methods provides different advantages with re-
gards to the interpretation of the quantum system or the
mode structure of the cavity due to the different underly-
ing approximations. In addition, the methods presented
here go beyond the semi-classical linear dispersion the-
ory in that they bear the potential for direct application
in different sectors beyond the linear scattering and low
excitation regimes.
The Green’s function technique presented in this sec-
tion most importantly provides a numerically efficient
method to calculate effective nuclear level schemes for ar-
bitrary complex layer stacks. It also removes the need for
a fitting procedure that is necessary in the phenomeno-
logical model in [45, 46], with the main advantage over
the ab initio few-mode approach in Sec. II F being the
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straightforward numerical implementation even for com-
plex systems. On the other hand, the Green’s function
approach does not provide access to the dynamics of the
cavity modes, which is naturally included in the ab initio
few-mode approach. We demonstrate the validity and
usefulness of the Green’s function level scheme for prac-
tically relevant example systems, including the EIT and
non-EIT cavities investigated in [22, 46]. In the process,
we resolve an open question with regards to the quantum
optical interpretation of this system that was raised in its
phenomenological model description [46], where the main
EIT feature was reproduced, but qualitative and quanti-
tative differences of the two-dimensional nuclear spectra
were found.
For readers who are mainly interested in how to apply
the method in practice, we refer to the corresponding
guide in Sec. III H.
A. Green’s function and macroscopic QED
The quantization of absorbing dielectrics (see [74] for a
review) has been studied extensively in the literature (see
e.g. [72–74, 103–105]). A macroscropic prescription based
on the Green’s function [73, 74] gives the Hamiltonian in
the dipole approximation [73, 106]
Hˆ =
∫
d3r
∫ ∞
0
dω~ωfˆ†(r, ω)fˆ(r, ω) +
∑
ln
~ωnuc,l
2
σˆzln
−
∑
ln
[σˆ+lnd
∗
l + σˆ
−
lndl] · Eˆ(rln) , (58)
where fˆ(r, ω) are bosonic operators, Eˆ is the electric field
operator and unlike in previous sections, polarization is
included. The bosonic operators appearing in the Hamil-
tonian are related to the field operator by [73]
Eˆ(r) =i
√
~
piε0
∫ ∞
0
dω
∫
d3r′
√
Im[ε(r′)]
×G(r, r′, ω) · fˆ(r′, ω) , (59)
where the Green’s tensor is defined via
[∇×∇×−ω
2
c2
ε(r, ω)]G(r, r′, ω) = δ(r− r′) , (60)
and the dielectric permittivity is allowed to be frequency
dependent. Approaches based on such Hamiltonians em-
ploying the classical electromagnetic Green’s function of
the system are known as macroscopic QED [74], which
has been used extensively, for example, for the study of
dispersion forces and related phenomena [105], as well
as recently for the description of atom-light scattering
in nanostructures [75, 107] and atomic-waveguide QED
[108], for the theory of Bose-Einstein condensation in
multi-mode cavities [109] and for inverse design of light-
matter interactions in complex environments [110]. The
Green’s function quantization provides an alternative to
the normal modes approach in Appendix A 3 that is used
as the basis for the ab initio few-mode theory in Sec. II B.
Besides its numerical efficiency that will be demonstrated
later, it has the advantage that absorption is described
rigorously without the need for the non-Hermitian Hamil-
tonian prescription in Appendix A 6.
As a drawback, the approach does not offer an interpre-
tation in terms of the modes or resonances of the cavity
structure, which are often a driving force for the design
of novel and exotic cavity structures, both in the x-ray
regime [12, 22, 24, 27] and at lower wavelengths [111]. In-
stead, all the information about the cavity environment
is contained in a single function. In this context, we note
that effective modes for the macroscopic QED Hamil-
tonian have been introduced previously [112] and have
recently found applications for cavity interactions of mul-
tiple atoms [113, 114] and strongly coupled light-matter
dynamics in complex environments [115]. Alternatively,
the Green’s function can in principle be approximated in
terms of mode parameters [75]. For overlapping modes
structures, however, such an approximate treatment is
non-trivial and results in similar problems as found in
the phenomenological model. On the other hand, this
provides a route towards direct numerical optimization
of cavity structures via the Green’s function approach
(see e.g. [110, 116]). These approaches could also be
complemented by various decompositions of the Green’s
function known from resonance theory [111, 117–122].
We further note that the macroscopic QED framework,
that is treating the material as a refractive index, also has
its limitations. Complementary approaches connecting
to electronic structure theory [123], quantum chemistry
[124] and condensed matter physics [125] are available
for a variety of parameter regimes and, while often be-
ing computationally demanding, allow to fully integrate
associated effects.
B. Linear dispersion theory and relation to the
layer formalism
The equations of motion for the Hamiltonian Eq. (58)
are all linear, except for the usual non-linear term featur-
ing a product of σˆz and the field operators (see Eq. (18)
for the few-mode counterpart of this contribution). In
[106], it is shown that analogously to the linear calcula-
tion in Sec. II C and the linear dispersion calculation in
[64, 71], these equations can be tackled by employing the
low excitation approximation 〈σˆz(t)〉 ≈ −1 and solving
the resulting linearly coupled differential equations. The
result can be expressed in frequency space as [106]
〈Eˆ(r, ω)〉 = 1
ε0
G(r, rln, ω) ·
∑
ln
[d∗l 〈σˆ+ln(ω)〉+ dl〈σ−ln(ω)〉],
(61)
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with [106]
〈σˆ+ln(ω)〉 =
dl · 〈Eˆ(rln, ω)〉
~(ω + ωnuc,l)
, (62)
and
〈σˆ−ln(ω)〉 = −
d∗l · 〈Eˆ(rln, ω)〉
~(ω − ωnuc,l) . (63)
Substitution into Eq. (61) and using Eq. (60) shows that
the electric field obeys the effective wave equation
[∇×∇×−ω
2
c2
ε(r, ω)]〈Eˆ(r, ω)〉 =
− 1
ε0
∑
ln
δ(r− rln) 2ωnuc,ld
T
l dl
~(ω2 − ω2nuc,l)
〈Eˆ(r, ω)〉 , (64)
where we have assumed real d for simplicity. The effect
of the coupling to the nuclear transitions can thus be
interpreted as a modification of the frequency dependent
refractive index [71, 126]. We note that in contrast to the
formula resulting from the simple model in [71], the above
approach includes polarization and a rigorous treatment
of absorption. On the other hand, a factor of
ω2nuc,l
ω2 is
absent due to the E · r gauge that is adopted in [106],
which is appropriate for our weak coupling scenario, but
has to be adjusted at extreme coupling strengths [126–
128].
We further note that by transforming the above effec-
tive wave equation into the time-domain, one can obtain
a propagation equation that is of the form of Shvyd’ko’s
time and space wave equation [68], with the wave equa-
tion kernel expressed explicitly for the elastic scattering
case considered here.
When one is interested in steady-state scattering prop-
erties, the above equation can be solved directly in fre-
quency space using transfer matrices or Parratt’s method
[67], which has been generalized to the layer formalism
in the nuclear resonance scattering community [11, 66].
The above derivation thus unveils the connection to the
semi-classical theories used in nuclear resonant scatter-
ing, clarifying its relation to the full quantum theory of
the absorbing dielectric environment interacting with the
nuclear transitions. The main insight is that the central
approximation in these approaches is the low excitation
approximation. In the linear excitation regime, where
this approximation applies, the approaches are then anal-
ogous. We note that in practice, slight differences in the
formulas can be found, since additional convenient ap-
proximations are made in the x-ray case, which are well
applicable, but unnecessary from a formal perspective.
Examples include the rotating wave approximation. We
also refer to Appendix A 7 b for further context.
C. Nuclear Master equation
Starting from the macroscopic QED Hamiltonian in
the rotating-wave approximation, the Born-Markov ap-
cavity environment
ensemble l
ensemble l′
Jllnn′
Γllnn′
Jl′l′nn′
Γl′l′nn′
Jll′nn′
Γll′nn′
Ω˜ln
Ω˜l′n
FIG. 11. (Color online) Schematic illustration of the effective
nuclear Master equation obtained using the Green’s function
approach. Jll′nn′ are couplings between the nuclei, Γll′nn′ de-
cay constants, and Ω˜ln the effective driving strengths. The
cavity does not appear explicitly, as it is treated as an envi-
ronment in the Green’s function approach.
proximation can be used to derive an effective Liouvillian
for the nuclei interacting with each other via the electro-
magnetic field [73, 75]. Since nuclei and x-rays usually
feature very weak coupling and the cavities in use are
highly leaky, the Born-Markov approximation is applica-
ble in most cases. Recently, systems featuring collective
strong coupling have been reported [26], where the Born-
Markov approximation may break down and the ab initio
few-mode theory presented in Sec. II B may be advan-
tageous. Alternatively, effective continuum modes [112]
based on the Green’s function quantization may prove
useful, which have been shown to be tractable via cumu-
lant expansions [115] in certain parameter regimes.
Following the approach in [75, 107] and again exclud-
ing polarization effects for simplicity, we can write the
effective Hamiltonian in our ensemble notation as
Hˆeff =
∑
ln
ωnuc,l
2
σˆzln −
∑
ln
∑
l′n′
Jll′nn′ σˆ
+
lnσˆ
−
l′n′
−
∑
ln
[
d∗l ·Ein(rln)σˆ+ln + h.c.
]
, (65)
and the Lindblad term as
Leff[ρ] =
∑
ln
∑
l′n′
Γll′nn′
2
(2σˆ−lnρσ
+
l′n′ − {σˆ+lnσˆ−l′n′ , ρ})
+ LSE[ρ] , (66)
where Jll′nn′ [Γll′nn′ ] is the nucleus-nucleus coupling [de-
cay] constant and Ein(rln) = 〈Ein(rln)〉 is the driving
field [75] providing a driving strength Ω˜ln = d
∗ ·Ein(rln)
for the nucleus n in ensemble l. Within the Born-Markov
approximation, the nuclei are thus described as driven by
the incident cavity field without resonant modification.
The couplings and decay constants can be obtained
from the Green’s function of the system [75] by
Jll′nn′ =
µ0ω
2
nuc,l
~
d∗l · Re[G(rln, rl′n′ , ωnuc,l)] · dl′ , (67)
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Γll′nn′ = 2
µ0ω
2
nuc,l
~
d∗l · Im[G(rln, rl′n′ , ωnuc,l)] · dl′ .
(68)
In the above form, the effective nuclear Hamiltonian in-
cludes intra-layer couplings between individual nuclei,
constituting an effective level scheme beyond the single
parallel wave vector approximation employed in Sec. II F.
The resulting many-body coupling scheme is illustrated
in Fig. 11.
In order to obtain an ensemble picture as in Fig. 5,
one can introduce spin-wave operators [107, 108, 129]
σˆ±l (k‖) =
∑
n σˆ
±
lne
±ik‖·r‖,n , which under the transla-
tional invariance assumption diagonalize the effective
Hamiltonian [107]. Here, since we are mainly interested
in the linear sector, where the parallel wave vector k‖
of a given excitation is conserved, we can then again de-
rive an effective Hamiltonian for the subspace at a single
parallel wave vector (see also Appendix A 5), as we show
in the following. Such an effective level scheme is of in-
terest, since it corresponds directly to the effective level
schemes derived in Sec. II F from the ab initio few-mode
approach and to the corresponding interpretation of re-
cent experiments [21–25, 27, 46, 48]. The Green’s func-
tion approach provides an alternative ab initio method to
calculate these level schemes, with different approxima-
tions involved bearing the potential for different gener-
alizations. The main advantage of the Green’s function
approach over the ab initio few-mode theory is its nu-
merically efficiency for calculating effective level schemes
in the case of the layered cavity geometry, as we demon-
strate in the following sections.
D. Effective nuclear level scheme in the low
excitation subspace
In the low excitation regime, where 〈σˆzln〉 ≈ −1, the
equation of motion for the lowering operator resulting
from the Born-Markov Master equation reads
d
dt
σˆ−ln =− i(ωnuc,l + i
γ
2
)σˆ−ln + i
∑
l′n′
G(rln, rl′n′)σˆ−l′n′
+ id∗l ·Ein(rln) , (69)
where
G(rln, rl′n′) =Jll′nn′ + iΓll
′nn′
2
=
µ0ω
2
nuc,l
~
d∗l ·G(rln, rl′n′ , ωnuc,l) · dl′ ,
(70)
and we have dropped the expectation value brackets for
brevity. Using the approximate translational invariance
of the x-ray cavity, we can write the Green’s function
as [130]
G(rln, rl′n′ , ω) =
∫
d2k‖
(2pi)2
G(zl, zl′ ,k‖, ω)eik‖·(r‖,n−r‖,n′ ) ,
(71)
where G(zl, zl′ ,k‖, ω) is the Fourier transformed Green’s
function and lattice offsets between the ensembles of less
than a lattice constant are neglected. Similarly, we define
G(zl, zl′ ,k‖) =
µ0ω
2
nuc,l
~
d∗l ·G(zl, zl′ ,k‖, ωnuc,l) · dl′ .
(72)
Transferring to the spin-wave basis [108], the equations
of motion simplify to
d
dt
σˆ−l (k‖) =− i(ωnuc,l + i
γ
2
)σˆ−l (k‖)
+ i
∑
l′
N
A‖
G(zl, zl′ ,k‖)σˆ−l′ (k‖)
+ i
N
A‖
d∗l ·Ein(zl,k‖) , (73)
where we have used
∑
n e
i(k‖−k′‖)·r‖,n = (2pi)
2N
A‖
δ(k‖−k′‖),
defined
Ein(zl,k‖) =
∫
d2r‖,nEin(rln)e−ik‖·r‖,n , (74)
and used the approximation
∑
nEin(rln)e
−ik‖·r‖,ln ≈
N
A‖
∫
d2r‖,nEin(rln)e−ik‖·r‖,n , which is valid for grazing
incidence illumination, where the phase variation of the
illuminating beam is small over the length scale of the
lattice parameter, and which effectively neglects Bragg
scattering.
Importantly, the driving field and inter-ensemble cou-
plings above are also approximated as independent of n
within one ensemble l. If all nuclei are located at the
same zl, this is an exact representation of the ensemble
in the considered geometry. Practically, however, one of-
ten wishes to interpret a resonant layer of finite thickness
as a single ensemble [21, 22, 46]. The ensemble quantities
are then approximated as constant over the layer thick-
ness and taken equal to their central value at zl, which
we denote as the thin-layer approximation. We refer to
Sec. III I for a practical discussion of this approximation
and its consequences, as well as to the previous discussion
of thick layers in the context of the ab initio few-mode
theory in Sec. II H.
We see that Eq. (73) provides a closed set of operator
equations at a given parallel wave vector. The effective
subspace Liouvillian corresponding to this linear equa-
tion of motion is given by
Hˆeff(k‖) =
∑
l
ωnuc,l
2
σˆzl (k‖) +
∑
ll′
∆ll′(k‖)σˆ
+
l (k‖)σˆ
−
l′ (k‖)
+
∑
l
[
d∗l ·Ein(zl,k‖)σˆ+l (k‖) + h.c.
]
(75)
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and the Lindblad term as
Leff[ρ](k‖) =
∑
ll′
γll′(k‖)
2
(
2σˆ−l (k‖)ρσ
+
l′ (k‖)
− {σˆ+l (k‖)σˆ−l′ (k‖), ρ}
)
+ LSE[ρ] , (76)
where
∆ll′ =
N
A‖
Im[G(zl, zl′ ,k‖)] , (77)
γll′ = 2
N
A‖
Im[G(zl, zl′ ,k‖)] . (78)
We see that this effective level scheme corresponds in
close analogy to the one derived from the few-mode ap-
proach in Sec. II F (as depicted in Fig. 5), with the driving
field being expressed as a channel mode expansion in the
few-mode case d∗l ·Ein(zl,k‖) = ΩTl bˆ
(in)
(t).
In summary, in the linear regime, the nuclear dynamics
for an incident field of a defined parallel wave vector are
given by the effective level scheme Eqs. (75), (76). For an
incident field containing multiple parallel wave vectors,
the superposition principle applies in the linear regime.
We note that as also observed in the ab initio few-
mode theory (see Appendix A 7), the effective linear level
scheme parameters depend on the dipole moment scaled
by
√
N/A‖, such that only the nuclear number density
is relevant for linear observables.
E. Linear solution in frequency space
Eq. (73) can be solved in frequency space to give [71,
75]
σˆ−l (k‖, ω) = −
∑
l′
(M−1)ll′Ω˜l′ , (79)
where
Mll′ = −i(−∆nuc,l + iγ
2
)δll′ − i N
A‖
G(zl, zl′ ,k‖) , (80)
and
Ω˜l = i
N
A‖
d∗l ·Ein(zl,k‖, ω) . (81)
F. Reconstructing spectral observables
The Born-Markov Master equation or the effective nu-
clear level scheme given above define the dynamics of nu-
clear observables for a given driving field, which can be
solved to obtain, for example, the linear regime solution
Eq. (79). Scattering observables can be reconstructed
using a generalized input-output equation [75], which is
also valid beyond the linear sector. At a given parallel
wave vector and in frequency space, it reads
Eˆ(z,k‖, ω) = Eˆin(z,k‖, ω)
+ µ0
∑
l
ω2nuc,lG(z, zl,k‖, ω)·dl σˆ−l (k‖, ω) . (82)
Substituting the linear frequency space solution for the
lowering operator yields
Eˆ(z,k‖, ω) = Eˆin(z,k‖, ω)
− µ0
∑
ll′
ω2nuc,lG(z, zl,k‖, ω)·dl (M−1)ll′Ω˜l′ . (83)
This formula describes the field at position z for a given
parallel wave vector k‖ and frequency ω, including the
nuclear response. It is thus to be interpreted as a
steady state solution for a driving field at frequency ω.
Eˆin(z,k‖, ω) is the corresponding field in the absence of
the nuclei. It therefore is proportional to the mode profile
and a driving amplitude factor αqin for each polarization,
resulting in
Eˆin(z,k‖, ω) =
∑
q
αqin E0(n)q (z,k‖, ω) , (84)
where our notation is chosen close to [130]. The func-
tion E0(n)q (z,k‖, ω) is the mode profile that is normal-
ized to the surface of the cavity from where the radia-
tion is incident [130], with 0 [n] indicating top [bottom]
illumination. The polarization index q accounts for s-
and p-polarization. For details on the mode functions
used to expand the Green’s function [130] we refer to
Appendix C.
In grazing incidence experiments at synchrotron facili-
ties [11], a common observable is the reflection spectrum
as investigated in Sec. II G. In the Green’s function ap-
proach, such spectra can be obtained by evaluating the
total field at the surface of the cavity. For example, for
s-polarized incident light and s-polarized detection,
rgreen(k‖, ω) =
es · Eˆ(z˜0,k‖, ω)
αsin
− 1, (85)
where es is the unit vector in s-direction. Similarly, the
transmission can be obtained by
tgreen(k‖, ω) =
es · Eˆ(z˜n,k‖, ω)
αsin
, (86)
where z˜0 [z˜n] is the position of the surface boundary of
the uppermost [substrate] layer (see Fig. 20). For sub-
strates with an absorptive character via a non-zero imag-
inary part of the refractive index, the wave amplitude
decays upon propagation through the medium, such that
the transmission coefficient characterizes the amplitude
ratio at the last layer surface [130].
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FIG. 12. (Color online) x-ray cavities with nuclei in EIT
(a) and non-EIT (b) configuration, which were investigated
experimentally in [22] and modeled theoretically in [46]. (a)
and (b) show the cavity structure (for materials, see legend)
and off-resonant field distribution for the EIT (a, cavity 1) and
non-EIT (b, cavity 2) case, respectively. We note that over
the width of the blue resonant layers, the field distribution
shows visible variations. The white dashed lines indicate the
boundaries of sub-ensembles (see main text) over which the
field distribution does not vary significantly.
G. Numerical efficiency for the layer geometry
Conveniently, the layered x-ray cavity geometry is one
of the few cases [75, 105] where the Green’s function
for the cavity is known analytically [130]. In partic-
ular, G(z, z′,k‖, ω) can be expressed algebraically via
an analytic recursion formula [130] similar to Parratt’s
formalism [67]. This feature makes the above approach
highly numerically efficient. Compared to the ab initio
few-mode approach to calculating effective nuclear level
schemes presented in Sec. III D, this feature poses a ma-
jor advantage when one is interested in the calculation
of effective quantum optical parameters as depicted in
Fig. 5, and, for example, opens optimization opportuni-
ties.
The formula for the Green’s function and its practical
evaluation, as presented in [130], are summarized in the
following section and in Appendix C. In subsequent sec-
tions, we employ a numerical implementation thereof in
order to benchmark the approach, and to demonstrate its
usefulness. As a main result, we provide an ab initio nu-
clear level scheme for the EIT cavity configuration inves-
tigated experimentally in [22], resolving previous discrep-
ancies in the quantum optical description of the system
[46].
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FIG. 13. (Color online) Nuclear spectra for the EIT (a) and
non-EIT (b) cavities shown in Fig. 12. The spectra are cal-
culated using the Green’s function approach for illumination
at the third cavity mode, and the well-known layer formalism
(blue) is compared to the Green’s function approach presented
in this paper. Without dividing the two nuclear ensembles
into sub-ensembles (red), the spectra fit well and reproduce
the main spectral features, but fail to reproduce more subtle
additional features (see insets). These are captured if each
resonant layer is divided into three sub-ensembles (yellow),
and therefore can be attributed to the layer thickness result-
ing in a field gradient across the layer (see also Fig. 14).
H. A practical guide to calculations in the Green’s
function ab initio approach
Before we present our results for concrete systems,
we show how common observables are calculated in the
Green’s function formalism in practice. This section
serves as a recipe to reproduce the calculations discussed
in the following sections and to provide clarity on the
approach from an algorithmic perspective, in analogy to
Sec. II G 3 for the few-mode approach.
The first step is to calculate the parallel Fourier trans-
form of the Green’s function G(z, zl,k‖, ω) for the cavity
structure under study, which is the basic quantity ap-
pearing in the equations of the quantum theory. This
is achieved by using the refractive indices of the cavity
layers to compute the Fresnel coefficients for neighbor-
ing layers given by Eqs. (C4). The reflection and trans-
mission coefficients for multi-layer stacks of the empty
cavity, that is disregarding the nuclear resonances, can
then be obtained from the recursion formulas Eqs. (C3).
Substituting these coefficients into Eqs. (C2) yields the
field distributions, which in turn directly give the Green’s
function using Eq. (C1). We note that the δ-function
term in Eq. (C1) can be disregarded for calculations of
the effective level scheme, since it is identical to the free
space term that renormalizes the transition frequency
[108]. Since the latter is used as a parameter correspond-
ing to the experimentally observed value, it is already
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accounted for.
To obtain a nuclear level scheme, one has to specify the
nuclear ensembles used in the calculation, corresponding
to the summation index l in the formulas. For thin res-
onant layers with no magnetic or other splittings, it is
natural to treat each layer as one ensemble. For thicker
layers, the spatial variation of the cavity field across the
layer requires a splitting of the thick layer into multi-
ple sub-ensembles for a more accurate treatment, as dis-
cussed in more detail below.
The coupling constants in the effective low-excitation
level scheme can be obtained by evaluating Eq. (72) us-
ing the effective dipole moments of the nuclear ensem-
bles. The coupling constants then follow by substitu-
tion of the latter result and the number density of the
resonant material into Eqs. (77, 78). The effective level
scheme Hamiltonian Eq. (75) and Lindblad term Eq. (76)
are then fully determined after the driving term is cal-
culated from the field distributions, where one has to
manually specify the polarization state of the incoming
field according to Eq. (84).
Spectral observables can be computed using the linear
scattering solution for the nuclear operators Eq. (79).
These can be substituted into the input-output relation
Eq. (82) to obtain the combined field distribution includ-
ing the nuclear resonance contribution in frequency space
Eq. (83). For a given external driving field, this quantity
encodes the entire output field and therefore the scat-
tering information. However, in the linear regime, the
spectral observables can also be computed directly us-
ing Parratts formalism, which does not make use of the
ensemble interpretation in the effective level scheme. A
comparison of the two approaches allows one to evaluate
how accurately the effective level scheme describes the
scattering process.
Finally, common observables such as reflection coef-
ficients and transmission coefficients can then be com-
puted for defined polarization directions as exemplified
by Eqs. (85, 86).
This algorithm is used to obtain the linear scattering
results discussed in the following.
I. Application: Electromagnetically induced
transparency cavities
The interesting cavity geometry mentioned above,
which has notably been studied experimentally in [22],
features a sharp spectral dip in the spectrum. The latter
has been shown to correspond to an EIT phenomenon,
and a corresponding effective level scheme has been de-
rived [22, 46]. The system can be described by the
phenomenological few-mode theory and the comparison
to spectral observables from semi-classical calculations
showed that the main EIT feature can be reproduced.
However, there are unexplained quantitative and quali-
tative disagreements [46]. In addition, it is unclear to
what extent the heuristic extensions of the model (see
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FIG. 14. Nuclear spectra of the EIT cavity (cavity 1) as
a function of incidence angle. The panels show the layer for-
malism result (a) and the Green’s function result with (b) and
without (c) sub-ensembles. (d) shows the deviation |(a)−(b)|.
The dashed black line indicates the third mode minimum θ3.
The dashed red ellipse marks a region where (a) and (c) differ
significantly, while (a) and (b) agree well, indicating that the
layer thickness plays a role in particular in the higher modes
due to more rapidly varying field distributions.
Sec. II A) that were found to be necessary [46] influence
the interpretation in terms of an effective level scheme.
In this section, we apply the Green’s function approach
developed above to the two cavities studied in [11, 46], re-
solving these open questions. In particular, we show that
the qualitative disagreements in the spectra arise due the
relatively thick resonant layers that were used in these
cavities, causing the formation of cavity mode field gradi-
ents across the layers. The new approach can incorporate
such gradients, and thus provides excellent quantitative
agreement, improving the previous phenomenological de-
scription of the system significantly. In addition, we un-
ambiguously calculate the effective nuclear level schemes
using the ab initio method and investigate its quantum
optical parameter trends.
1. Double resonant layer cavities and spectral benchmarks
The two cavity layer stacks under consideration are de-
picted in Fig. 12 and are identical to the geometries in-
vestigated in [46] to understand the EIT effect observed
in [22]. They consist of platinum cladding layers enclos-
ing a carbon guiding layer that is doped with 3 nm thick
resonant 57Fe layers at certain positions. In both cases
(cavity 1 and cavity 2), one of the resonant layers is lo-
cated at the cavity center, where the field distribution in
the third cavity mode at incidence angle θ = θ3 features
an anti-node. As shown in Fig. 12, in the EIT cavity
(cavity 1, panel a) the second resonant layer is placed in
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FIG. 15. Nuclear spectra of the non-EIT cavity (cavity 2),
analogous to Fig. 14 for the EIT cavity. The additional spec-
tral feature inside the red dashed ellipse is accompanied by
changes in the surrounding mode structure, with an avoided
crossing in (a) turning into a merging point in (c).
the adjacent field distribution node closer to the cavity
surface, while in the non-EIT cavity (cavity 2, panel b),
it is placed in the node closer to the bottom of the cavity.
We refer to the two structures as “EIT” (“non-EIT”)
cavities, because they feature (do not feature) a pro-
nounced spectral dip in the respective nuclear spectra
shown in Fig. 13 [22]. The two panels compare the spec-
tra obtained using the Green’s function approach (com-
puted using Eq. (85), see Sec. III H for a description of
the algorithm) to reference spectra calculated using the
semi-classical layer formalism [11, 66] implemented in the
software package pynuss [98]. For the Green’s function
method, two different curves are shown in each panel.
The red line corresponds to a model in which each of
the two layers is treated as a single nuclear ensemble, ne-
glecting possible field gradients across the layer. While
the qualitative agreement is good and the major spec-
tral features are reproduced, there are quantitative dif-
ferences, most visible in additional small spectral features
shown in the insets. To capture these features, we divide
each layer into three sub-layers in our theoretical model
(see white dashed lines in Fig. 12), to better account
for the variation of the field intensity across the layers.
The result is shown as the solid yellow line, which essen-
tially agrees perfectly with the semi-classical calculation.
The improvement can be understood since in Fig. 12 it
is clear that the field distribution varies visibly over the
thickness of each resonant layer, while it is constant to
a good approximation over the thickness of each of the
sub-ensembles.
We further note that the agreement between the spec-
tra is much better than in the case of the phenomeno-
logical few-mode fits shown in [46], even when the sub-
ensemble partition is not considered (red line in Fig. 13).
This general quantitative improvement is due to the ab-
sence of heuristic extensions and problems related to the
fitting procedure [46], which are not needed in the ab
initio theories reported here.
2. The EIT effect and thick layer sub-ensembles
Next, we extend the discussion to the two-dimensional
spectra as a function of detuning and incidence angle,
which were also investigated for the two cavities in [46] in
the context of the phenomenological few-mode model. In
this reference, it was found that in addition to the quan-
titative differences in the one-dimensional spectra (see
Fig. 13 and the discussion above), there are qualitative
features that are not captured by the phenomenologically
fitted model even with the heuristic extensions included.
Results are shown in Figs. 14 and 15 for the EIT- and
the non-EIT cavity, respectively. In each figure, panel
(a) corresponds to the layer formalism calculation which
again serves as a benchmark. Panels (b) and (c) show the
Green’s function results with and without sub-ensemble
partition of the resonant layers, respectively (spectra are
computed using Eq. (85), see Sec. III H for a description
of the algorithm). Finally, panel (d) shows the absolute
value of the difference between the results in panels (a)
and (b).
We see that while (d) demonstrates excellent agree-
ment of the Green’s function description with sub-
ensembles to the layer formalism, the corresponding re-
sults without sub-ensembles (panel c) are missing a spec-
tral feature as indicated by the red dashed ellipse. Its ab-
sence shows that approximating thicker resonant layers
as a single thin layer can lead to qualitative differences
in the theoretical description.
For the EIT case in Fig. 14, we further find that the
agreement of the model without sub-ensembles is still
rather good close to the third mode minimum θ = θ3,
justifying the thin-layer approximation at this incidence
angle. However, the differences become sizable in the re-
gion of the red dashed ellipse, which can be understood
by noting that the field distributions vary more rapidly
as function of position in the cavity at higher incidence
angles. Fig. 15 shows analogous results for the non-EIT
cavity (cavity 2). In this case, the absence of the spectral
feature in the two-ensemble model also causes the sur-
rounding spectral structure to change, with an avoided
mode crossing turning into a merging point (see region
inside the red dashed ellipse).
3. Effective nuclear level schemes
Finally, we discuss the effective level scheme result-
ing from the Green’s function approach to x-ray cavity
QED. Fig. 16 shows the effective nuclear level scheme
and the quantum optical coupling constants for the EIT-
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γ12
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δ1 δ2
System Coupling matrix [γ] Drive vector
General
(
δ1 − iγ1/2 δ12 − iγ12/2
δ12 − iγ12/2 δ2 − iγ2/2
) (
Ω˜1
Ω˜2
)
Cavity 1
(
−0.15− 0.94i 6.21 + 2.85i
6.21 + 2.85i −6.47− 28.28i
) (
0.01 + 0.14i
−0.85− 0.51i
)
Cavity 2
(
−9.46− 31.73i 0.98− 2.88i
0.98− 2.88i −0.45− 0.64i
) (
−0.82− 0.57i
−0.03− 0.09i
)
FIG. 16. (Color online) Nuclear level scheme in the Green’s-
function approach. The figure shows the two-ensemble de-
scription of the cavities in Fig. 16 as an example. The cou-
pling constants can be calculated directly using the Green’s
function approach and are shown in the table in matrix form
for the EIT (cavity 1) and non-EIT (cavity 2) case. As before,
we consider excitation in the third cavity mode (θ = θ3). The
drive vector has been normalized, since it is proportional to
the applied x-ray field amplitude. The corresponding quanti-
ties as a function of incidence angle are shown in Fig. 17. We
note that the layer ensembles are labeled by their position in
the cavity from top to bottom, such that the central layer in
the anti-node corresponds to index 1 in cavity 1 and to index
2 in cavity 2.
and non-EIT cavities in Fig. 12 (the couplings are ob-
tained from Eqs. (77, 78), see Sec. III H for a description
of the algorithm used to obtain the level scheme). For
simplicity, the case without sub-ensemble partitioning is
shown, with the notation adopted from [46]. Within the
Green’s function approach, the couplings and other quan-
tum optical parameters can be calculated directly and
unambiguously from the cavity geometry. The resulting
parameters at the incidence angle θ = θ3 are tabulated
in Fig. 16.
In Fig. 17, we show the quantum optical parameters
as a function of incidence angle, revealing the changes of
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FIG. 17. Rocking curve (a), collective Lamb shifts and su-
perradiant decay rates of ensemble 1 (b) and ensemble 2 (c),
and level couplings (d) in the EIT cavity as a function of in-
cidence angle (solid lines, see legend). The meaning of the
quantum optical couplings is illustrated in the effective level
scheme Fig. 16 and the shown result is calculated using the
Green’s function approach. As an additional benchmark (see
also spectral benchmarks in previous figures), panel (a) shows
the superradiance (dashed green) and collective Lamb shift
(dashed red) extracted from a Fano fit (details see main text).
the three level system over the different modes. In par-
ticular, the collective Lamb shifts, the superradiant de-
cay rate enhancements and the level couplings between
the two ensembles in the EIT cavity (cavity 1) are de-
picted. Around each mode minimum (θ1, θ2, θ3), the col-
lective Lamb shift and superradiance roughly show the
typical behavior of real and imaginary parts of a com-
plex Lorentzian [24, 47]. For the coupling parameters δ12
and γ12, similar structures are found. Only in the third
mode, where the EIT phenomenon is observed, a different
functional dependence and a negative γ12 is found.
These results show how complex cavity structures can
be unambiguously interpreted in terms of quantum op-
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tical models, which paves the way for designing effective
nuclear level schemes via tailored mode environments.
As a last consistency check, we show that the collec-
tive Lamb shift and superradiance calculated here indeed
correspond to what these quantities have been associated
with in the nuclear cavity QED literature so far [21, 24].
To this end, we replace the second resonant 57Fe-layer by
its off-resonant 56Fe counterpart and fit a generic Fano
model [24, 91, 131, 132] to the resulting line shapes at
each incidence angle. The Fano profile fit function for
the reflectance spectrum is given by [24]
R(∆) = |r(∆)|2 = σ0 |q + (∆)|
2
1 + 2(∆)
, (87)
where (∆) = (∆ − δ1)/(γ1/2). The scale factor σ0, the
complex Fano parameter q and δ1, γ1 are the fit param-
eters. This fit provides an alternative way to obtain the
collective Lamb shift δ1 and the superradiance γ1 from
the spectra, which can be compared to the ab initio pre-
dictions. Indeed, the fit results (dashed lines in Fig. 17b)
show excellent agreement with the Green’s function cal-
culation, confirming the interpretation of the effective nu-
clear level scheme derived from the Born-Markov Master
equation in Sec. III D.
IV. DISCUSSION AND SUMMARY
In summary, we have presented two ab initio ap-
proaches to describe thin-film x-ray cavities doped with
narrow resonances such as those provided by Mo¨ssbauer
nuclei on a quantum mechanical level. Our results im-
prove the previously introduced phenomenological input-
output model [45, 46] for such systems and resolve mul-
tiple open questions in the theory, which up to now
have hindered extensions towards new parameter regimes
and cast doubts on the models’ predictive capabilities at
higher intensities. This progress to an ab initio and, in
the linear regime, essentially exact theory provides qual-
itatively new value to quantum optical interpretations
used in the field, in the same spirit as recent develop-
ments connecting other sectors of quantum optics and ab
initio theory [119, 123, 128, 133].
The two ab initio methods presented here are directly
applicable to model linear scattering experiments in graz-
ing incidence, which have been performed extensively in
the platform of hard x-ray cavity QED with nuclei [21–
27] and electronic resonances [48], and to interpret them
quantum optically in terms of an ab initio effective nu-
clear level scheme. The ab initio perspective and the
exact treatment of the linear sector put the quantum op-
tical interpretation on firm grounds, establishing it as a
tool in the quantum theory of nuclear resonance scatter-
ing. Beyond that, we provide clear theoretical connec-
tions between the existing approaches and outline the
approximations involved in each case, paving the way for
generalizations. As a consequence, one can now seam-
lessly switch between the different theories, depending
on which formulation is most favorable for the respective
purpose or regime. In this context, we emphasize that
a main advantage of our method over the existing theo-
ries is their applicability in the fully quantum mechani-
cal sector. That is, the approaches bear the potential to
describe non-linear and correlated quantum dynamical
effects in hard x-ray cavity QED, going beyond linear,
low-excitation, semi-classical or mean-field phenomena.
Our first approach is based on a few-mode description
of the system, and promotes the established phenomeno-
logical models [45, 46] to an ab initio theory without
the need for heuristic extensions, thereby resolving previ-
ously not understood discrepancies in the modeling. The
ab intio theory features modified angular and frequency
dependencies of the quantum optical parameters, which
can now be calculated directly from the cavity geometry.
We further presented a closed form solution to the re-
sulting equations of motion for general multi-mode multi-
ensemble systems in the low excitation regime, including
the derivation of scattering observables and the effective
nuclear level scheme.
For an analytically solvable example cavity that fea-
tures strongly overlapping modes, we demonstrate the
advantages of our theory over the previous phenomeno-
logical models, and show that it provides quantitative
agreement with semi-classical approaches. We investi-
gate the functional dependencies of the quantum optical
parameters, showing where the improvements provided
by our theory originate from and finding non-trivial be-
havior as a function of incidence angle. As an application,
we for the first time extend the quantum optical model-
ing to the realistic case of resonant layers with arbitrary
thickness. We find that the resulting effects can straight-
forwardly be captured in the ab initio few-mode theory,
a task which is difficult in phenomenological approaches
due to the large set of fitting parameters required. Our
results show that thick layers lead to coupled continuum
ensemble descriptions, a feature which may lead to the
x-ray implementation of qualitatively different quantum
optical model systems than the few-level systems realized
so far [21–27, 48].
As our second approach, we develop an alternative
method based on well-known Green’s function techniques
[72–75, 105, 134]. The main motivation for this sec-
ond approach is its numerical efficiency for calculating
effective nuclear level schemes. We again demonstrate
the theory’s connection to the existing semi-classical nu-
clear resonant scattering literature [11, 65], deriving an
effective wave equation including the nuclear resonance
dynamics in the linear regime. We then show how a
quantum optical description analogous to the previously
investigated effective nuclear level schemes can be ob-
tained and demonstrate its numerical efficiency, which is
ensured by an analytic solution for the Green’s function
of the relevant geometry [130].
To showcase the power of this approach, we apply the
Green’s function method to the case of the EIT cavities
investigated in [22, 46], where qualitative and quanti-
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tative discrepancies of linear spectra between the phe-
nomenological few-mode model and semi-classical theory
were found [46]. Our approach is able to calculate the
quantum optical description of the system in terms of an
effective nuclear level scheme without the need for heuris-
tic model extensions or a fitting procedure, which were
necessary before [46]. It further reveals the importance
of sub-ensembles of the relatively thick resonant layers
in the system which are responsible for the aforemen-
tioned qualitative deviations. We show that quantita-
tively, the approach yields essentially perfect agreement
if the resonant layers are divided into a sufficient number
of sub-ensembles. We further present the first ab initio
calculation of the resulting effective nuclear level schemes
and investigate trends of the quantum optical parame-
ters. These results pave the way for tailoring mode en-
vironments in x-ray cavities to design nuclear quantum
systems.
Beyond the layer geometry, the Green’s function for-
malism is easily adaptable to alternative photonic en-
vironments for the nuclei. Such structures may be-
come accessible with improving fabrication techniques
and already reported examples include other dimensional
waveguides [135], curved channels [136], nanowires [137]
and periodically structured surfaces such as nanodots or
nanodiscs [138]. While unlike in the layer geometry and
some others [74, 75, 104], the Green’s function is usually
not known analytically in these cases, various numerical
and modeling approaches exists to tackle such geometries
[75, 105, 139].
In this context, we also note that in comparison to the
ab initio few-mode approach, in the presented Green’s
function formulation the mode structure of the cavity is
hidden and cannot be included in the quantum optical
modeling. It remains to be seen if the Green’s function
can also be modeled in terms of the modes or resonances
[75] to address the relevant case of overlapping modes
characteristic of x-ray cavities, e.g., using momentum
space representations of the Green’s function.
As a whole, our results provide a comprehensive so-
lution for the linear scattering regime of thin-film x-ray
cavity QED with Mo¨ssbauer nuclei or ultra-narrow res-
onances, resolving previous discrepancies and revealing
the connection between different existing theoretical ap-
proaches. As an outlook, we expect this progress in the
understanding of the low-excitation sector to provide a
solid theoretical foundation for describing phenomena in
the non-linear and correlated quantum dynamics regime
of this platform, which may be accessible at current and
upcoming x-ray facilities [6, 12] such as x-ray free elec-
tron lasers, where the first experiment on nuclear quan-
tum optics has recently been performed [39].
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Appendix A: Detailed derivation of the ab initio
few-mode theory
In Sec. II B, we explained how the phenomenolog-
ical few-mode model for thin-film x-ray cavities with
Mo¨ssbauer nuclei [45, 46] can be modified to comply with
ab initio theory. We focused on differences to the estab-
lished model [45, 46], which has been used extensively for
interpreting experiments [23–25, 27, 46, 48], and on what
advantages the ab initio version can provide practically,
which we illustrated extensively for example systems.
In this appendix, we provide a detailed derivation of
the improved ab initio model. We outline which approx-
imations are necessary to obtain such a description and
provide a clear physical interpretation of the model pa-
rameters and operator degrees of freedom.
1. Classical wave equation for the layered geometry
The thin-film x-ray cavities under consideration are
made up of a dieletric cavity structure (see Fig. 1 for an
illustration), which acts as an off-resonant background
confining the electromagnetic field. Before quantizing
the system in order to describe the field-nucleus inter-
action, we consider the classical wave propagation in this
geometry in the absence of the resonant nuclei, that is for
the “empty cavity”. The system can then be described
by Maxwell’s equations with a spatially varying dielectric
permittivity [11, 111].
Again omitting polarization degrees of freedom, the
scalar Maxwell mode equation for a homogeneous
isotropic medium [74, 105] in frequency space reads
[111, 140]
∇2fm(r, ω) + ε(r)ω2fm(r, ω) = 0 , (A1)
where fm(r, ω) are the normal modes for the scattering
problem. The index m encodes all additional necessary
degrees of freedom. We note that we neglect the fre-
quency dependence of the dielectric permittivity ε(r) of
the off-resonant cavity material here, which is typically
irrelevant for the nuclear dynamics due to the narrow
resonances, but can be important if electronic resonances
[48] or collective strong coupling [26] are considered.
In the case of thin-film x-ray cavities, the system is ap-
proximately translation invariant in two directions, such
that the dielectric index only depends on the transverse
coordinate, ε(r) = ε(z). As can be seen by a product
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ansatz, the normal modes then take the form
fm(r, ω,k‖) = C eik‖·r‖ f˜m(z, k⊥, θ) , (A2)
where r‖ is a displacement vector in the layer plane, k‖
is the corresponding parallel wave vector, C is a nor-
malization factor for the parallel mode component, and
f˜m(z, k⊥, θ) is an effective one-dimensional mode func-
tion at incidence angle θ. The latter fulfills the effective
one-dimensional mode equation
d2
dz2
f˜m(z, k⊥, θ) + ε˜(z, θ)k2⊥f˜m(z, k⊥, θ) = 0 , (A3)
where
ε˜(z, θ) =
ε(z)− cos2(θ)
sin2(θ)
. (A4)
The perpendicular wave component can be obtained from
the mode energy via k⊥ = ω sin(θ) and is to be under-
stood as a scattering boundary condition, that is the in-
coming perpendicular wave vector in the far field (see
Fig. 1 for an illustration).
In summary, the classical three dimensional problem
for the layer geometry can be reduced to an effective one-
dimensional problem with an effective dielectric constant
ε(r)→ ε˜(r, θ) = ε(r)− cos
2(θ)
sin2(θ)
, (A5)
and wave energy
ω → k⊥(ω, θ) = ω sin(θ) . (A6)
These substitutions are employed in the analytical calcu-
lation in Sec. II G.
2. Recap of the ab initio few-mode construction
Before we turn to applying the effective few-mode the-
ory to the three-dimensional wave equation above, we
first briefly summarize its concept as presented in [71].
For brevity, we focus on the basic principles that are
necessary to understand the more detailed derivation for
the layered geometry in the following section.
The starting point of the few-mode scheme is a contin-
uum theory, that is an open or scattering problem with a
continuum Hamiltonian, which can, for example, be ob-
tained from canonically quantizing a wave equation such
as Eq. (A1). In quantum optical scenarios, the wave
equation can, for example, describe the electromagnetic
field inside and around a cavity. The considered Hamil-
tonian is typically of the form
Hfield =
∑
m
∫
dωωbˆ†m(ω)bˆm(ω) . (A7)
In three dimensions, the index m can also include con-
tinuous parameters such as the propagation direction of
a wave.
The central feature of this Hamiltonian is that it com-
prises a continuum of frequencies, as is typical for an open
quantum system. When coupling the field to a two-level
system within the dipole approximation, one obtains a
field-matter Hamiltonian that is well-known in the theory
of light-matter interactions in free space [141] or cavities
[117, 127, 140].
However, the continuum Hamiltonian conceals the res-
onance structure of the cavity, which is encoded in
the frequency-dependence of the light-matter coupling
[86, 117, 127]. For this reason, phenomenological few-
mode Hamiltonians and input-output theory [70, 77]
are common tools to describe light-matter interaction in
structured environments such as cavities. The few-mode
model for thin-film X-ray cavity QED with Mo¨ssbauer
nuclei by Heeg & Evers [45, 46] is based on the latter
approach.
The ab initio few-mode theory [71] provides a connec-
tion between the two sides and allows to systematically
construct few-mode Hamiltonians from the continuum
description. Most importantly, the ab initio construction
allows to generalize the approach such that overlapping
modes and bad cavities can be described accurately. It
is the latter feature which is particularly valuable in the
X-ray case, where the cavities in use are highly leaky,
feature overlapping modes and are doped with nuclear
resonances boasting high spectral resolution.
In the ab initio few-mode theory, the first step is a ba-
sis transformation, splitting the continuum modes into a
discrete part (the “system”) and an interacting contin-
uum (the “bath”). The few modes that are included in
the system part can be chosen arbitrarily and the result-
ing theory for the free field remains exact. In particular,
an exact version of the input-output formalism can be
obtained. For scattering observables, the latter allows to
compute an input-output scattering matrix Sio(ω) analo-
gously to the phenomenological case, which describes the
scattering between bath modes. The full scattering ma-
trix is then obtained by translating the bath modes into
the asymptotically free modes [88, 140] via
S(ω) = Sbg(ω)Sio(ω) , (A8)
with the so-called background scattering matrix Sbg(ω).
While in the free theory, the few-mode construction is
exact independently of the choice of modes, for the in-
teracting case it is useful to choose the few-mode basis
such that the relevant resonances of the system are well
approximated [71]. The advantage is that if a sufficient
number of modes are included in the few-mode basis, the
so called few-mode approximation can be applied: the
direct interaction between the external bath modes and
the atom or matter degrees of freedom can be neglected,
such that the latter only couple directly to the few system
modes. This feature, in turn, allows for various existing
solution methods to be applied [70, 142–144]. For exam-
ple, a Markovian Master equation can often be derived
for a strongly coupled light-matter system if the strongly
coupled modes are included in the system and only the
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remaining weakly coupled bath modes are traced out,
which is reminiscent of an input-output version of the
pseudo-modes theory [145, 146].
We note that the few-mode construction results in a
converging expansion scheme in the mode number [71],
such that the validity of the few-mode approximation can
be ensured by including more modes.
The form of the resulting ab initio Hamiltonian [71, 79]
is very close to the one used in the phenomenological
model for thin-film X-ray cavity QED [45, 46], such that
the ab initio few-mode theory can provide new insights
into the system by directly connecting to and extend-
ing an existing and well established model. In [71], only
one-dimensional special cases are considered. The thin-
film geometry and the extreme parameter regimes en-
countered in the hard X-ray and nuclear resonance case
require additional consideration. The precise derivation
of the relevant few-mode Hamiltonian and an outline of
its limitations are given in the following section.
As a last remark on the basics of the ab initio few-mode
theory, we note that from a computational perspective,
the main step to obtain the few-mode Hamiltonian and
its coupling constants is to calculate matrix elements be-
tween the few-mode, bath and scattering states [71, 88].
While the resulting formulas in [71] are general, the ex-
plicit computation for the one-dimensional example sys-
tems relies on separable expansions of the cavity struc-
ture [88]. In this paper, the same approach is applied to
simple cases of the three-dimensional layered geometry.
More general cavity structures may become accessible us-
ing related methods from quantum chemistry [88, 147].
3. Application to the layered geometry
The wave equation Eq. (A1) can be quantized canoni-
cally [140], resulting in the Hamiltonian
Hcav =
∑
m
∫
d2k‖dk⊥ω(k‖, k⊥)cˆ†m(k‖, k⊥)cˆm(k‖, k⊥),
(A9)
where cˆm(k‖, k⊥) are bosonic operators at a given par-
allel and perpendicular wave vector, with ω(k‖, k⊥) rep-
resenting their corresponding frequency. The operator
equations of motion for this Hamiltonian are equivalent
to the Maxwell wave equation [140]. The advantage of
the quantized formalism is that we can treat interactions
with resonant nuclei (see Sec. A 4) beyond mean-field
Maxwell-Bloch [29, 68] or semi-classical scattering treat-
ments [11, 65]. We note that the canonical normal modes
quantization is valid for real refractive indices. To ac-
count for complex refractive indices, which are relevant
in the hard x-ray regime, we employ a non-hermitian
Hamiltonian prescription, which allows the above Hamil-
tonian to be used directly (see Appendix A 6 for details).
For a complete treatment of absorptive processes within
the framework of macroscopic QED see Sec. III, where
an alternative approach is developed.
The Hamiltonian Eq. (A9) features the typical normal
mode continuum of open scattering systems [71, 140].
In order to connect to the successful phenomenological
model [45, 46] for thin-film x-ray cavities with Mo¨ssbauer
nuclei, the notion of a few resonant modes has to be
introduced. To perform this step systematically without
a model or fitting prescription, we employ the ab initio
few-mode theory [71], whose concept is summarized in
the previous section.
Following this approach, we can partition the cavity
Hamiltonian given above into a few-mode part and an
external bath. If we choose the few mode basis to respect
the translation symmetry, the full Hamiltonian can be
written as
Hcav = Hfew +Hext , (A10)
where
Hfew =
∫
d2k‖
∑
λ∈modes
ωλ(k‖)aˆ
†
λ(k‖)aˆλ(k‖) , (A11)
Hext =
∑
m∈channels
∫
dωd2k‖ω˜(ω,k‖)bˆ†m(ω,k‖)bˆm(ω,k‖)
+
∑
m∈channels
λ∈modes
∫
dωd2k‖Wλm(ω,k‖)bˆm(ω,k‖)aˆ†λ(k‖)
+ h.c. , (A12)
where we have employed the relabeling from Ap-
pendix A 1 and aˆλ(k‖) are bosonic few-mode opera-
tors at each parallel wave vector, which have frequency
ωλ(k‖). Similarly, bˆm(ω,k‖) are the external bath op-
erators, which couple to the few-mode operators with
coupling strength Wλm(ω,k‖).
We see that the Hamiltonian is a linear combination
of one-dimensional few-mode terms at each parallel wave
vector k‖. The parallel direction thus still features a
continuum. Since there is no confinement or resonance
structure in the parallel direction, this continuum can
not easily be removed by another few-mode projection.
4. Nuclear resonant interaction
The interaction with nuclear transitions can be de-
scribed within the dipole and rotating wave approxima-
tion by the Hamiltonian
H = Hcav +Hnuc +Hint , (A13)
where
Hnuc =
∑
l∈ensembles
n∈1,2...Nl
ωnuc,l
2
σˆzln , (A14)
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Hint =
∫
d2k‖
∑
λ∈modes
l∈ensembles
n∈1,2...Nl
gλln(k‖)aˆλ(k‖)σˆ
+
ln + h.c.
+
∫
dωd2k‖
∑
m∈channels
l∈ensembles
n∈1,2...Nl
g˜mln(ω,k‖)bˆm(ω,k‖)σˆ
+
ln + h.c. ,
(A15)
and σˆ+,−,z are the Pauli operators for the nuclear tran-
sitions. We have included the effect of multiple ensem-
bles (indexed by l), each of which contains Nl individual
nuclei (indexed by n) and couples to the system modes
(indexed by λ) with coupling constant gλln(k‖) as well
as to the bath modes with coupling constant g˜mln(ω,k‖).
These coupling constants can be calculated from nuclear
transition and material parameters (see Appendix A 7 for
details), which are also used in the layer formalism [11].
We note that if a sufficient number of system modes is
chosen, the few-mode approximation can be performed
[71], that is the direct interaction of the nuclei with the
bath modes can be neglected, as explained in Appendix
A 2.
We further note that in addition to these Hamiltonian
terms which arise from the nucleus-light coupling, nu-
clear transitions can feature additional incoherent decay
channels, such as internal conversion [11, 61, 148]. For
example for 57Fe where the α-factor is 8.56 [11], internal
conversion makes up the majority of the incoherent decay
rate (see Appendix A 7 b for details). In our prescription,
this effect can be accounted for by a Lindblad term [23]
LIC[ρ] =
∑
l∈ensembles
n∈1,2...Nl
γIC
2
(2σˆ−lnρσˆ
+
ln−{σˆ+lnσˆ−ln, ρ}) , (A16)
where γIC is the internal conversion decay constant.
We note that since the field continuum is still present
in the theory, radiative incoherent losses are already in-
cluded in the light-nucleus interaction Hamiltonian and
should not be added as an additional incoherent Lind-
blad term. If the few-mode approximation is performed,
a small residual decay contribution is added to the in-
coherent decay rate to account for the weak interaction
with the removed bath modes, which tends to zero at
large system mode numbers.
Within the dipole, rotating-wave and non-hermitian
field Hamiltonian approximations (see also Appendices
A 6, A 7 b), the Hamiltonian derived above is a fully gen-
eral description in few-mode form, with the translational
invariance of the system explicitly implemented.
5. Effective one-dimensional problem
We see that the derived few-mode Hamiltonian is
already very similar to the phenomenological model
[45, 46], with the main difference being the continuum
of parallel wave vectors. In order to complete the con-
nection, we derive an effective one-dimensional descrip-
tion in this section, which is well applicable in the linear
excitation regime.
We first note that in practice, the nuclear cavity QED
system is often studied spectroscopically. That is the
system is excited by a collimated and highly monochro-
matic∗ beam from a modern low-emittance x-ray facility
such as a synchrotron or an x-ray free electron laser in
conjunction with a high-resolution monochromator. At
anticipated light sources such as x-ray free electron laser
oscillators [6], similar setups are to be expected.
In such a setup, the exciting light defines a narrow
range of incidence angles and consequently a narrow
range of parallel wave vectors. Due to the assumed trans-
lational invariance of the system in the layer plane, the
parallel wave vector is a conserved quantity in the low-
excitation regime (see Sec. III D for details, and [149]
for a related discussion of higher excitations), such that
each parallel wave vector forms an isolated subspace of
the dynamics. Therein, we can then obtain the effective
one-dimensional Hamiltonian
H1D(k
(in)
‖ ) =H
1D
cav(k
(in)
‖ ) +Hnuc +H
1D
int (k
(in)
‖ ) , (A17)
where
H1Dcav(k
(in)
‖ ) = H
1D
few(k
(in)
‖ ) +H
1D
ext(k
(in)
‖ ) , (A18)
with
H1Dfew(k
(in)
‖ ) =
∑
λ∈modes
ωλ(k
(in)
‖ )aˆ
†
λ(k
(in)
‖ )aˆλ(k
(in)
‖ ) ,
(A19)
H1Dext(k
(in)
‖ ) =
∑
m∈channels
∫
dωω˜(ω, θ)bˆ†m(ω,k
(in)
‖ )bˆm(ω,k
(in)
‖ )
+
∑
m∈channels
λ∈modes
∫
dωWλm(ω,k(in)‖ )bˆm(ω,k(in)‖ )aˆ†λ(k(in)‖ )
+ h.c. , (A20)
and
H1Dint (k
(in)
‖ ) =
∑
λ∈modes
l∈ensembles
n∈1,2...Nl
gλln(k
(in)
‖ )aˆλ(k
(in)
‖ )σˆ
+
ln + h.c. .
(A21)
In addition to the internal conversion Lindblad term, we
obtain a radiative contribution to the incoherent decay
Lrad[ρ] =
∑
l∈ensembles
n∈1,2...Nl
γrad
2
(2σˆ−lnρσ
+
ln − {σˆ+lnσˆ−ln, ρ}) ,
(A22)
∗ On the spectral scale of the cavity, the beams are monochro-
matic. On the scale of the nuclei on the other hand, the exciting
radiation has a broad spectrum.
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where γrad is the spontaneous emission rate of the nuclear
transition in the cavity environment. The two incoherent
terms can be combined to
LSE[ρ] =
∑
l∈ensembles
n∈1,2...Nl
γ
2
(2σˆ−lnρσ
+
ln − {σˆ+lnσˆ−ln, ρ}) , (A23)
which is the single-transition version of the term used in
[45]. We note that γ = γIC + γrad can in principle differ
slightly from the natural linewidth since the cavity modes
are retained in the Hamiltonian, but is essentially equal
for all practical purposes.
Noting that k
(in)
‖ appears only as a parametric depen-
dence now, we see that the above description provides the
improved input-output model summarized in Sec. II B,
where the parallel wave vector dependence is rewritten
in terms of the incidence angle and the frequency of the
transition energy.
We have thus provided an ab initio generalization of
the successful phenomenological model [45, 46] for thin-
film x-ray cavities with Mo¨ssbauer nuclei and clarified its
origin as well as the involved approximations. The basic
structure and its relation to the original phenomenologi-
cal version [45, 46] are summarized in Sec. II B.
In the main text, we show that the improved model
provides a number of qualitative advantages, allowing the
quantum optical description to be applied to new systems
and featuring essentially exact predictions in the linear
regime. The ab initio character of the theory further
provides a solid foundation, which, as a main motivation
beyond the quantum interpretation of linear scattering
experiments, will allow the method to be applied as a
predictive tool in the non-linear and correlated quantum
dynamics regime.
6. Complex refractive index in the ab initio
few-mode theory
In the treatment presented in Appendix A 3 and also in
the original development of the ab initio few-mode theory
[71], a real refractive index is considered. X-ray cavities,
however, feature significant material absorption and as
a result a complex refractive index should be accounted
for.
A rigorous treatment of material absorption and the
resulting effective quantum theory can be obtained in
various ways (see [74, 105] for a review as well as [150] for
a recent advance). In general, the resulting light-matter
Hamiltonian is highly complex even if the resonant quan-
tum interaction is not included.
Here, we resort to a simple approach, which is also
employed in the standard nuclear resonant scattering
literature including the semi-classical scattering theory
[11, 65]. In the latter approach, the Maxwell wave equa-
tion is directly coupled to the resonant nuclei or atoms,
while neglecting quantization effects of the light field. For
a real refractive index, the generalization to the quantum
level is given by the canonical quantization scheme (see
Appendix A 3). We then include the absorptive character
of the material by using the complex refractive index to
obtain a non-Hermitian Hamiltonian. Since this approx-
imation is also included in the standard semi-classical x-
ray scattering theory [11, 65], previous experiments sub-
stantiate its validity at least for intensity observables at
low driving fields. The approach can be complemented by
the quantum jump formalism [151–153], similarly to re-
cent work using Green’s function techniques [108], where
the absorptive bath is treated rigorously from the outset
(see Sec. III for a detailed comparison of the approaches).
Practically, the non-Hermitian few-mode Hamiltonian
approach is implemented by performing calculations as
for a real refractive index, and then transferring to the
non-Hermitian theory by substitution of the complex re-
fractive index. We note that for numerical implementa-
tions, one has to ensure that complex conjugation op-
erations, as they are used for example in the quantum
scattering theory [88] underlying the projection scheme,
are not applied to the refractive index.
7. Coupling constant in the ab initio few-mode
theory
In this appendix, we derive the mode-nucleus coupling
in terms of known nuclear resonance and material pa-
rameters.
a. Mode coupling and quantization area
The few-mode coupling in our approach can be written
as [71]
gλln(k‖) = − idωnuc,l√
2ωλ(k‖)
χλ(zl, r‖,k‖) , (A24)
where χλ(z, r‖,k‖) is the three-dimensional system mode
from Eq. A15 and zl the vertical position of the nu-
clei, which is by construction independent of n within
the thin-layer approximation. If zl varies within one en-
semble, the latter should be divided into multiple sub-
ensembles (see also the thick layer treatment in Sec. II H).
Since the system modes themselves also fulfill the trans-
lational invariance, we have
χλ(zl, r‖,k‖) = C eik‖·r‖ χ˜λ(zl) , (A25)
where χ˜λ(zl) is the effective one-dimensional mode func-
tion evaluated at the nuclear layer position zl and C is a
normalization factor. We therefore see that the mode
normalization constant is important to determine the
value of the coupling. In order to obtain the constant,
we resort to the usual box quantization procedure [141]
for the parallel direction. We require that∫
A‖
d2k‖
∫
dzχλ(z, r‖,k‖) = 1 , (A26)
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where A‖ is a parallel quantization area, such that we
obtain
C =
1√
A‖
. (A27)
Consequently, the coupling constant is given by
gλln(k‖) = − idωnuc,l√
2A‖ωλ(k‖)
eik‖·r‖,ln χ˜λ(zl) . (A28)
The phase factor eik‖·r‖,ln can be absorbed into an alge-
bra preserving redefinition of the σˆ-operators in the ef-
fective one-dimensional Hamiltonian [89], amounting to
a basis change that affects the nuclear dipole moment by
a phase. The coupling is thus independent of the nuclear
index n within one ensemble, such that we have
gλl(k‖) = − idωnuc,l√
2A‖ωλ(k‖)
χ˜λ(zl) . (A29)
We see that the coupling remains dependent on the quan-
tization area A‖. While this feature may initially seem
unphysical, it is to be expected, since the number of nu-
clei Nl participating in the dynamics also depends on this
area. As is also noted in the phenomenological model
[45], in the linear regime the collective coupling constant
g˜lλ =
√
Nlglλ = − idωnuc,l√
2ωλ
√
Nl
A‖
χ˜λ(zl) (A30)
= −idωnuc,l
√
fLMρN tl
2ωλ
χ˜λ(zl) (A31)
is the relevant quantity, where ρN is the number density
of the resonant nuclei and fLM is the Lamb-Mo¨ssbauer
factor encoding the fraction of nuclei which participate
in the recoil free scattering or decay process [11, 61]. tl is
the thickness of the ensemble layer l and we assume the
thin layer limit for a single ensemble by taking zl to be
independent of the nuclear index n. We further drop the
parametric parallel wave vector dependence for brevity.
In the linear limit, the properties of the system thus only
depend on the number density and not on the absolute
number of nuclei participating in the dynamics, which is
consistent with the semi-classical layer formalism [11, 61,
89].
Beyond the linear limit, however, the absolute number
of nuclei and the quantization area become important
and do not reduce to the number density in the equa-
tions. This feature can be understood by recognizing
that in a fully translation invariant system, the number
of nuclei is necessarily infinite. Physically, however, only
a finite number participates in the dynamics due to a
limited coherence volume and a limited size of the exci-
tation beam. The quantization area A‖ should therefore
be chosen to capture these physical features. We further
note that the translationally invariant description essen-
tially neglects finite excitation size effects and excitation
spreading at the edge of the excitation region. A phe-
nomenological argument to include such contributions is
given in [12].
b. Effective nuclear dipole moment
A remaining question is how to compute the effective
single nucleus transition matrix element d from tabulated
resonance parameters. The connection to quantities that
are conventionally used for example in the layer formal-
ism [11] can be obtained by a simple comparison of phys-
ical scattering observables.
The formula for the resonant contribution to the re-
fractive index of a resonant nuclear medium is [89]
n57Fe − n56Fe = −2piρN
k30
fLM
2(1 + α)
2Ie + 1
2Ig + 1
1
2∆/γ + i
,
(A32)
where we have taken 57Fe as an example, and “magnetic
splitting and polarization dependence” [89] have been ne-
glected [89, 154]. The quantities here are defined as in
[89], including the Lamb-Mo¨ssbauer factor fLM, the reso-
nant wave number k0, the spins for the ground (excited)
state Ig (Ie) and the internal conversion factor α.
A formula for the resonant contribution to the refrac-
tive index in the linear regime can alternatively be ob-
tained from our effective transition theory, for example
via a linear dispersion theory [71] calculation, which gives
εres(r) = − |d|
2
ω − ωnuc + iγ2
fLMρN . (A33)
where we have neglected the A2-term contribution, as-
sumed a dense lattice, which for example results in Bragg
scattering being neglected, and performed the rotating
wave approximation by setting ω2 − ω2nuc ≈ 2ωnuc(ω −
ωnuc) as well as
ω2nuc
ω2 ≈ 1 [71]. We note that all of these
approximations are already implicit in the nuclear refrac-
tive index formula Eq. (A32), with more general treat-
ments including lattice effects and other scattering pro-
cesses being available [61]. The Lamb-Mo¨ssbauer factor
fLM encodes the fraction of nuclei that participate in the
recoil free scattering process [11, 61] and therefore mod-
ifies the nuclear number density.
A further approximation which is commonly performed
in nuclear resonant scattering and which is implicit in
Eq. (A32) is the small response approximation n =
√
ε =√
1 + χ ≈ 1 + χ/2. Performing this approximation also
in the linear dispersion theory case we obtain
n− nelectronic ≈ − |d|
2
ω − ωnuc + iγ2
fLMρN
2
. (A34)
In order to obtain the effective nuclear transition matrix
element d, we can therefore straightforwardly compare
Eq. (A34) to Eq. (A32), which gives
|d57Fe|2 ≈ 2piγ
k30
1
2(1 + α)
2Ie + 1
2Ig + 1
. (A35)
We recall that as our previous calculations this formula
is given in natural units with ~ = c = ε0 = 1.
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This calculation also clarifies the connection to the
semi-classical layer formalism [11], which is a standard
tool for describing resonant x-ray scattering experiments
[11, 66] and can be used to include various experimental
imperfections in the description [11, 66]. In this context,
we note that our quantum optical approach is based on
nuclear transitions, whose properties are assumed to be
known, as the starting point. In the established pertur-
bative scattering theory [61, 154], the transition structure
of the nuclei is investigated in detail and effects such as
interaction with the lattice are included. Related ap-
proaches such as Shvyd’ko’s time and space picture [68]
allow for the inclusion of additional effects such as in-
elastic scattering [69]. For further details on the relation
between the formalisms refer to Sec. III B and Fig. 2.
Appendix B: Detailed comparison of the ab initio
and phenomenological few-mode approaches
In Sec. II G 5, we presented a comparison of the phe-
nomenological and ab initio few-mode approaches with
regards to their capability to model nuclear spectra of the
example cavity. However, this comparison is not unique,
because the phenomenological models are based on fits of
their parameters to predictions from semi-classical theo-
ries, and the fits can be obtained using different fit objec-
tives, i.e., different approaches to quantify the differences
between the model and the references. Note that these
differences are often not of practical relevance close to
the resonance at which the parameters are fitted, but
deviations between different parameter sets are expected
further away from the resonance. In contrast, the pa-
rameters of the ab initio model are unique, as they are
calculated from the cavity structure without a fitting pro-
cedure.
Because of the ambiguity in the phenomenological pa-
rameters, in this appendix, we provide additional detail
on this comparison to support our conclusions. In partic-
ular, we consider multiple ways of fitting the phenomeno-
logical model parameters. Fig. 18(a) shows the layer for-
malism spectrum used as a reference for this analysis. In
order to obtain such a spectrum from the phenomenolog-
ical model, in all cases, the empty cavity parameters are
first fitted to the rocking curve as described in Sec. II G 5,
yielding the best fit shown in Fig. 18(b). Next, we employ
three fitting procedures for the mode-ensemble interac-
tion parameters.
a. Fit method 1. In this method, we only fit one
global interaction parameter. This method was already
employed successfully in [46] for the EIT-scenario and
uses an extraction of the individual mode parameters.
The latter is achieved by decomposing the coupling con-
stants as [46] √
Nlgλl = E˜λl(
√
Nlgl) , (B1)
where E˜λl is taken as the mode amplitude at the location
of ensemble l when illuminated at the rocking minimum
corresponding to mode λ [46]. For our single ensemble
case,
√
Nlgl is then a single global scale that is fitted to
the two-dimensional spectrum.
b. Fit method 2. In this approach we replace the
mode parameter extraction prescription of fit method 1
and instead fit the
√
Nlgλl parameters for each mode. As
a fit objective, we use the one-dimensional spectrum at
resonance with the first cavity mode, that is at θ = θ0.
c. Fit method 3. Here, we proceed as in fit method
2, only that agreement to the full two-dimensional spec-
trum (see Fig. 18) is used as a fit objective.
The results from the three methods are shown in
Fig. 18. Panels (c,1)-(g,1) show the two-dimensional
spectra calculated using the phenomenological model
with the model parameters extracted from the respective
fitting methods. The remaining panels show the corre-
sponding residual deviation to the layer formalism result
in panel (a), both on a linear scale in panels (c,2)-(g,2)
and on a log scale in panels (c,3)-(g,3).
We find that all models capture the behavior well, in
particular at low incidence angles. At higher incidence
angles, that is going towards the edge of the fitting range
for the cavity parameters, the deviations become more
significant. The agreement at higher incidence angles
can be improved by including a larger set of modes, re-
sulting in more fitting parameters. We further see that
the various fitting procedures result in deviations due to
the emphasis on different regions of the spectrum, but
yield the same qualitative spectral features and the same
overall quantitative level of agreement.
In comparison, Fig. 18(f) shows analogous results for
the ab initio few-mode theory with 5 cavity modes. We
see that the performance is similar to the phenomeno-
logical cases around the first resonance, but better at
higher incidence angles. Panel (g) shows the correspond-
ing 20 modes result, illustrating the systematic conver-
gence when including more cavity modes. In the latter
case, the residual deviations are mainly due to the thin
layer approximation, with higher modes only having a
tiny contribution.
In Fig. 19, we focus on the slice at the first mode reso-
nance (θ = θ0). To illustrate the excellent level of agree-
ment of all approaches, the nuclear spectra are plotted
on top of the semi-classical reference (panels a,b). The
residual deviations are shown in panel (c). We find that
the ab initio result at 20 modes is well converged. Indeed,
the phenomenological result gives a comparable level of
agreement with only 5 modes for the case of fit method
2, illustrating that the phenomenological model can yield
very good agreement if one focuses on a particular spec-
tral region. However, it is not known a priori which phe-
nomenological fit works best for a given problem. The
remaining fitting methods and the 5-mode ab initio the-
ory show similar deviations, which are structurally com-
parable, with already a good quantitative agreement on
the level of a few percent deviation.
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FIG. 18. (Color online) Comparison of the ab initio few-mode model with corresponding phenomenological approaches. (a)
Reference spectrum obtained using a semi-classical calculation. Panel (b) shows the best phenomenological model fit (five
modes, yellow dashed) of the rocking curve (solid blue), which is used to constrain the cavity parameters (κλ, κR,λ, θλ) in
the phenomenological models. Panels (c)-(g) show results for different few-mode approaches, with (c)-(e) comprising the
phenomenological model with different parameter fitting procedures (fit method 1, 2 and 3, respectively, definition see text)
and (f), (g) being the ab initio few-mode theory with 5 and 20 modes, respectively. Panels (c-g,1) show the model spectrum in
each case, while panels (c-g,2) and (c-g,3) show the residual deviation on a linear and logarithmic scale, respectively.
Appendix C: Analytic formula for the layer stack
Green’s function
In this appendix, we summarize the analytical form of
the Green’s function and its efficient numerical calcula-
tion as presented in [130]. The appendix is structured to
allow for a convenient numerical implementation of the
formulas.
As shown in [130], the in-plane Fourier transformed
Green’s function is given by
G(z ∈ j, z′ ∈ j′,k‖, ω) = −4pi
k2j
zˆzˆδ(z − z′) + 2pii
βjn
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FIG. 19. (Color online) One dimensional slices at the first
cavity resonance θ = θ0 of the spectra in Fig. 18 resulting
from the different models. Panel (a) compares the various
phenomenological fits (see legend) to the semi-classical refer-
ence (solid blue). Panel (b) compares the ab initio few-mode
result for 5 and 20 modes (see legend). In panel (c), the
residual deviations are shown.
×
∑
q∈p,s
ξq
tq0/n
[
E0q (z,k‖, ω)Enq (z′,−k‖, ω)Θ(z − z′)
+ Enq (z,k‖, ω)E0q (z′,−k‖, ω)Θ(z′ − z)
]
, (C1)
where Θ is the step function, ξp(s) = +(−)1, zˆ is the unit
vector in z-direction and z ∈ j denotes that the position
in z-direction lies in the jth layer of the cavity stack (see
Fig. 20 for details on the notation, which is adapted from
[130]). kj =
√
εj(ω)ω/c is the in-medium wave number
and βj =
√
k2j − k2‖ is its z-component [130].
The information about the spatial dependence of the
Green’s function is given by the mode profiles, which are
given explicitly by [130]
En(0)p (z ∈ j,k‖, ω) =
tpn(0)/je
iβjdj
Dpj
×
[
±βj
kj
(e−iβjz
∓ − rpj/0(n)eiβjz
∓
)kˆ (C2a)
+
k‖
kj
(e−iβjz
∓
+ rpj/0(n)e
iβjz
∓
)zˆ
]
, (C2b)
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FIG. 20. (Color online) Setup of the cavity layer stack and
notation for the analytical Green’s function formula, adapted
from [130]. The first (last) layer with j = 0 (j = n) extends
infinitely to the left (right).
En(0)s (z ∈ j,k‖, ω) =
tsn(0)/je
iβjdj
Dpj
×
[
(e−iβjz
∓
+ rsj/0(n)e
iβjz
∓
)kˆ× zˆ
]
, (C2c)
where Dqj = 1− rqj/0rqj/ne2iβjdj , z+ = dj − (z − z˜j) and
z− = z − z˜j with z˜j being the position of the surface
of layer j and dj its thickness as shown in Fig. 20. We
note that in the case of grazing incidence, the p- and s-
polarization mode profiles have approximately identical
magnitude [67, 89].
The result is now expressed in terms of the coefficients
ti/j and ri/j , which are defined as the transmission and
reflection coefficients, respectively, from layer i into layer
j [130]. They can be calculated via a recursion formula
[130] analogous to Parratt’s formalism [67]. Specifically,
the i/k coefficients can be expressed in terms of i/j, j/k
coefficients for any in-between j by [130]
rqi/k = r
q
i/j/k
=
rqi/j + (t
q
i/jt
q
j/i − rqi/jrqj/k)rqj/ke2iβjdj
D
(ik)
qj
, (C3a)
tqi/k = t
q
i/j/k =
1
D
(ik)
qj
tqi/jt
q
j/ke
iβjdj . (C3b)
If the coefficient i/k is required, the conversion is conve-
niently started by choosing j = i+1 for i < k or j = i−1
for i > k, and terminated by the Fresnel coefficients for
adjacent layers [130]
rqij =
βi − γqijβj
βj + γ
q
ijβj
, (C4a)
tqij =
√
γqij(1 + r
q
ij) , (C4b)
where the absence of a slash indicates that the layers are
adjacent and γpij = εi(ω)/εj(ω) as well as γ
s
ij = 1.
Together, the results from [130] summarized here pro-
vide a recursively analytic and hence numerically efficient
way to calculate the Green’s function at a given parallel
37
wave vector for the layer cavities, which is the central quantity appearing in the effective nuclear level scheme
described in the main text.
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